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Abstract
Research on the propagation of acoustic waves in ocean bottom sediment is of
interest for active sonar applications such as target detection and remote sensing.
Currently, all seabed scattering models available in the literature are based on
the full solution of the wave equation, which sometimes leads to mathematically
intractable problems. In the electromagnetics community, an alternative formu-
lation that overcomes some of this complexity is radiative transfer theory, which
has established itself as an important technique for remote sensing. In this work,
radiative transfer (RT) theory is proposed for the first time as a tool for the
study of seabed acoustic scattering. The focus of this work is the development
of a complete model for the interaction of acoustic energy with water-saturated
sediments. The general geometry considered in this study consists of multiple
elastic layers containing random distributions of inhomogeneities. The accuracy
of the proposed model is assessed by rigorous experimental work, with data col-
lected from random media in which acoustic properties such as the concentration
and size of scatterers, background material, and the presence of elastic bound-
aries are controlled parameters. First, the ultrasound RT model is implemented
for layers of finite thickness. The range of applicability of the proposed model
i
is then illustrated using scaled experiments conducted at the Northwest Electro-
magnetics and Acoustics Research Laboratory (NEAR-Lab). Next, the model is
applied to field data collected in a region with gassy sediments and compared to
the formulation originally used to explain these data. Finally, insight into the
emerging area of study of the time-dependent RT formulation is presented, and
its role in the representation of finite broadband pulses is discussed.
ii
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Chapter 1
Overview of Dissertation Work
Scattering of sound from the seabed has been an important area of research
within the underwater acoustics community for the last 50 years. Models for
acoustic scattering are of great importance for multiple applications involving
active sonar. In these systems a known acoustic signal is transmitted into the
water and a receiver listens for echoes reflected by potential targets of interest, as
illustrated in Fig. 1.1. Frequently, acoustic energy interacts with the ocean bot-
tom either intentionally (as in remote sensing of the sub-bottom layered structure
for geological studies) or unintentionally (as in active sonars used for surveillance
and port security). In all cases, it is advantageous to have an accurate model
that describes the interaction of sound with the sediment.
To illustrate the complexity of the seabed, Fig.1.2(a) shows an example of a
chirp survey performed in the eastern coast of New Jersey during the Shallow
Water 2006 experiment. The survey consisted of dragging an echo sounder along
a straight path, while continuously transmitting a broadband signal. At each
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Figure 1.1: Illustration of a general active sonar system in a layered ocean en-
vironment, where each layer n is characterized by the density ρn and the sound
speed cn. The signal at the receiver is a superposition of the direct and the target
arrivals, combined with undesired echo returns from the surface and the bottom
known as reverberation.
ping, the reflected echo was recorded and it shows the layered structure of the
sea floor, with sublayers of different thickness ranging from 1 to 4 meters. Figure
1.2(b) shows the internal structure of the subbottom layers from a core sample
extracted in the same area. It exhibits multiple individual scatterers such as
rocks and shells, and similar examples can be found in the literature[1, 2, 3, 4].
Several models with different levels of complexity have been proposed, all of
them based on solutions to the wave equation. With this technique, scattering
due to multiple layers with arbitrary random inhomogeneities can be described by
an integral equation[5]. Although this approach is in principle exact, the solution
methods require making approximations about the seabed parameters or restrict-
ing the excitation signal within a particular frequency band in order to make the
problem mathematically tractable. Examples of common approximations that
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(a) (b)
4 m
Figure 1.2: (a) Example of an acoustic survey performed in the eastern coast
of New Jersey during the Shallow Water 2006 experiment, revealing strong re-
flectors that indicate a layered structure. (b) Core sample taken near the area
corresponding to the chirp survey shown in (a). Chirp survey data and pho-
tographs provided by Dr. Altan Turgut (NRL).
might limit the applicability of classic scattering models are:
1. Scatterers are weak perturbations (Born approximation): These methods
are adequate in sediments with small random variations in the sound speed
or density[6, 7], but they can not be used in the case of strong scatterers
such as shells or bubbles[8, 4].
2. Multiple scattering events can be ignored: Methods using this assump-
tion can be applied to media with low concentration of scatterers and with
high background attenuation. In most cases these models have shown good
agreement with experimental backscattering data, but they have under-
estimated volume scattering in certain environments[9] and it has been
suggested that this might be due to neglecting of multiple scattering.
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3. Effect of shear waves can be ignored: This is a valid assumption in fluid-
saturated sediments, which poorly support propagation of shear waves. For
more consolidated media, simulations[10] have shown that the shear contri-
bution should not be neglected in computation of volume backscattering.
4. Shallow acoustic penetration: This assumption allows neglect of contribu-
tions due to deep layers/scatterers, but it might limit the applicability to
frequencies higher than 10 kHz and shallow grazing angles[8].
An alternative to the classic approach is Radiative Transfer (RT), a technique
based on the principle of conservation of energy and founded in the fact that in
random media, the phase of scattered waves at any arbitrary location is random
and therefore no information can be extracted from it. Given that the unnecessary
phase information is not required in the model, it has been suggested[11, 12] that
the solution of the RT integro-differential equation is in general simpler than its
classic counterpart and therefore, fewer approximations are required.
This work is inspired on the successful use of the RT techniques in research
fields related to electromagnetics, in particular for applications of remote sensing
in geophysics and astrophysics. These applications are examples of parallel rough
layers with random scatterers, similar to the typical configuration found in the
ocean seabed, and several solution techniques are already available and can be
adapted to acoustics.
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1.1 Focus of dissertation
In this research, the use of the RT equation to model ocean bottom scattering
is suggested for the first time. The model has been used intensively in electromag-
netics and there is a large number of examples that illustrate its applicability for
the study of electromagnetic scattering from media such as clouds with suspended
water droplets. As evidenced in the next sections, translating this formulation
from electromagnetics into acoustics is not a trivial task, since it requires a whole
new set of elastic equations to describe the partition of energy into three kinds of
polarizations (i.e. longitudinal, shear vertical and shear horizontal), as opposed
to the two polarizations that characterize electromagnetic waves.
To evaluate the performance of the proposed model and compare its capa-
bilities with other models found in the literature, it was required to implement
a software simulation tool for the computation of acoustic scattering by solving
the transport equation. This simulator accepts input parameters describing the
elastic media such as speed of sound, density, concentration of scatterers, and
background attenuation, and it solves the Ultrasound Radiative Transfer Equa-
tion (URTE) to predict the amount of volume scattering.
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1.2 Contributions and significance of this work
The RT technique allows exploring the topic of scattering by random media
from a totally different perspective than the existing “classic” methods. To this
date, the only applications that have been suggested for the RT theory in acous-
tics are characterization of materials by ultrasound [13, 14, 15] and seismics [16],
with focus on theoretical work without experimental validation. While the cre-
ation of software to implement the RT scattering model was based on previous
publications, the work presented here makes the following contributions:
1. Extension of the solution method for the URTE to finite layers with re-
flective boundaries, as opposed to the layer of infinite thickness previously
assumed in the literature[13, 14]. This increases the range of application
of the model by accounting for the effect of multiple bounces of coherent
energy between the boundaries of the layer, as well as multiple stacked
layers. This extension applies to the steady-state RT equation (i.e. the
media is excited by a permanent source at a single frequency) as well as
the transient RT equation[15], which is one of the latest developments in
the field of transport theory and it can be used to explore scattering due
to broadband finite pulses in the time domain.
2. Development of a mathematical expression to show that the conservation
of power holds for the proposed model. This algebraic derivation shows
6
that the gradient of the power flux in a volume containing lossless elastic
media must be zero. This method is utilized in this work as a criteria for
the accuracy of steady-state and transient solutions of the RT equation.
3. Validation of the proposed model by comparison to published experimental
results corresponding to scattering from gas bubbles trapped in sandy sed-
iment. It was observed that the RT model converges to a single scattering
model proposed in the literature for thin layers of scatterers, but the RT
model is not limited to this assumption and it can be used in less restrictive
experimental conditions.
4. Validation of the RT model by comparison of simulations to measured scat-
tering levels from well characterized random media. Tank experiments were
conducted in the NEAR-Lab measurement facility at ultrasound frequencies
using several combinations of background material and scatterers. These
measurements allowed assessing the accuracy of the model by systematically
varying experimental parameters such as the frequency range, attenuation
of the background media, concentration of scatterers and their size relative
to the wavelength of the excitation signal.
The impact of this work in the underwater acoustics community is on increas-
ing the understanding of the spatial and temporal characteristics of scattering. In
general, the RT model provides insight into the physical phenomena of scattering
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and it is characterized by its flexibility to adapt to a broad range of experimental
conditions.
The model has been well received in the underwater acoustics community,
and appendix B contains a list of conference talks and publications related to
this work.
1.3 Summary of dissertation
Chapter 2 provides a review of the main scattering mechanisms that must be
considered in a model for seabed scattering, and it defines the main parameters
and terminology commonly used in the underwater acoustics community. At the
end of the chapter, an introduction to classic scattering models is provided and
common shortcomings are described.
Chapter 3 focuses on the theory behind the RT model, and describes the
equations used to implement software routines for the solution of the transport
equation in layered elastic media. This chapter also defines the mathematical
formulation that describes power conservation, as well as the definition of the
scattering cross section.
Chapter 4 introduces additional concepts related to scattering in random me-
dia, and it presents a numerical validation of the model by comparing simulated
results to material published in other fields of acoustics.
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Chapter 5 shows the applicability of the RT model for the analysis of exper-
imental data obtained in a scaled setup and using well characterized models of
random media. In this chapter, simulations of the scattering cross section ob-
tained with the RT model are compared to the measured cross section of three
experiments with increasing levels of complexity. The scattering media in these
experiments is representative of the conditions in real field experiments, with the
advantage of the well controlled environment of a tank setup.
Chapter 6 presents the application of the RT model to field experimental
data. The chapter describes an experiment performed by another research group
in 1993, and it continues with a description of a simplified RT model that applies
to thin layers of scatterers and a comparison to the experimental data.
Chapter 7 illustrates the application of the transient RT formulation to a nu-
merical example with parameters relevant to underwater acoustics, and it com-
pares the model to an analytical “classic” model that can be obtained from wave
theory under special experimental conditions.
Chapter 8 summarizes the findings of this work and present areas for addi-
tional research.
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Chapter 2
Introduction to Seabed Acoustics
The goal of this chapter is to familiarize the reader with the characteristics
of the scattering media, as well as with the terminology commonly used in the
field of acoustic scattering, in particular the concept of scattering cross section,
which will be used in this work to compare experimental measurements with
simulated results from the RT model. As a review of the limitations of current
scattering models based on approximate solutions to the wave equation, this
chapter presents an overview of the integral method, which is the starting point
of most of the models currently available.
2.1 Mechanisms of scattering
As mentioned in the introduction, the sea floor is a very complex system
that may include rough interfaces, multiple layers, single scatterers and smooth
variations in parameters such as the sound speed or the density. When acoustic
energy interacts with this medium, each of the mentioned factors will have an
10
impact on the propagation of acoustic waves, and therefore will determine the
amount of energy that is scattered back into the water column. Figures 2.1 and
2.2 illustrate the main processes related to acoustic scattering from the ocean
seabed in a layered environment:
i) Surface roughness: roughness can be defined as the size of the features in
a surface compared to the wavelength λ of the incident wave. If a surface is
perfectly smooth as in Fig. 2.1 (a), part of the energy is reflected at the specular
direction and part is transmitted at an angle that obeys Snell’s law of refraction:
ρ0c0 sin θ0 = ρ1c1 sin θ1, (2.1)
where ρn and cn are the density and sound speed of layer n. If the surface is rough
then the scattered and transmitted energy are re-distributed over all angles, with
a main lobe at the specular direction and several side lobes. This redistribution
has implications in terms of volume scattering, because the energy transmitted
into layer 1 will “illuminate” the scatterers at multiple angles of incidence.
ii) Multiple layers (Fig. 2.2 (a)): when the environment consists of multiple
layers, the acoustic energy undergoes multiple reflections between the boundaries,
and each reflection will initiate scattering events that contribute to the total
volume scattering.
iii) Discrete scatterers within the sediment: as mentioned before, scattering
11
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Figure 2.1: (a) In a perfectly smooth surface, part of the energy is reflected at the
specular angle and part is transmitted according to (2.1); (b) When the surface
is rough, the energy in the specular direction is reduced and re-distributed in a
main lobe and side lobes.
takes place only in heterogeneous media, when a propagating wave encounters
media with different acoustic properties (sound speed, density) than the back-
ground media. In the case of a single scatterer S1 embedded in sand (Fig. 2.2
(b)), this acoustic contrast is abrupt. In the far field, the scattered field is a
spherical wave of the form Ψs = f(θ, φ)(e
ikR/R), where f(θ, φ) is the scattering
function that depends on the geometry of S1.
iv) Gradients in the acoustic impedance (Fig. 2.2 (c)): in unconsolidated
sediments, it is possible to find smooth variations in the sound speed and/or
the density as a function of the depth. This gradient in the acoustic impedance
results in refraction of the propagating wave according to (2.1). Part of the
refracted energy can couple back into the water column and it is perceived as
volume scattering.
One additional complication is introduced by the nature of acoustic waves
in elastic media: when a wave propagates in liquid media, only longitudinal
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Figure 2.2: Scattering mechanisms in the ocean sea bed: (a) Multiple-layers con-
tribute to the total volume scattering by redirecting coherent energy to interact
multiple times with scatterers in the layers. (b) Single scatterers are regions
within the layers where the acoustic impedance Zn = ρncn has an abrupt change.
(c) Refraction due to gradients in the sound speed and/or the density is consid-
ered a form of volume scattering, because it can transport energy back to the
water column.
waves (those in which the particles of the media oscillate in the same direction
as the wave) are supported. But in solid or semi-solid media such as solid rock
or fluid-saturated sediment, shear waves (i.e. the particles in the media have a
perpendicular movement with respect to the direction of propagation, analogous
to electromagnetic waves) are also supported. Therefore, a rigorous scattering
formulation should consider all sub-bottom layers as elastic media.
Ideally, a model for ocean bottom scattering must account for all those effects
in order to provide a faithful representation of the environment. However, at
present there is no single unified model, and the literature shows a vast number
of formulations that work only under particular assumptions.
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2.2 Scattering from random media: definition of main quantities
Since volume scattering is the result of adding the contribution of multiple
scatterers in the seabed, it is insightful to comment about scattering by a single
particle surrounded by homogeneous media. This allows the definition of two
quantities that are common to both classic and RT theory: the total scattering
cross section σt and the scattering function P (sˆ, sˆ
′), where sˆ and sˆ′ represent
outgoing and incoming directions. To give a specific example consider a scatterer
with irregular shape being hit by an incident scalar plane wave1 ψi(r, nˆi) with
direction of propagation nˆi
ψi(r, nˆi) = ψoe
ikr, (2.2)
where k = ω/c is the wavenumber, ω is the frequency of the incident field in rad/s
and c is the speed of propagation (i.e. c = 3 × e8 m/s for electromagnetic fields
or c = 1500 m/s for underwater acoustic fields). In the far field, the scattered
field in the direction nˆs approximates a spherical wave of the form
ψs(r, nˆs) = ψof(nˆi, nˆs)e
ikR/R, (2.3)
1Note that in general, the incident field does NOT have to be a plane wave. The plane wave
case is used in this example because it is the most simple case.
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where f(nˆi, nˆs) contains the amplitude and phase of the scattered wave. The
power per unit area carried by the incident plane wave is Pi = |ψo|
2 (W/m2).
Likewise, the power per unit area per unit solid angle carried by the scattered
spherical wave is Po = |ψo|
2|f(nˆi, nˆs)|
2/R2 (Wm−2Sr−1), where Sr stands for
steradian, the SI unit of solid angles. The differential scattering cross section
gives a measure of the power “captured” by the scatterer and radiated into the
direction of observation:
σd(nˆi, nˆs) = lim
R→0
R2
Ps
Pi
= |f(nˆi, nˆs)|
2; (m2/Sr). (2.4)
The scattering cross section is the collection of the energy captured by the
scatterer and re-radiated in all directions, so
κs =
∫
4π
σd(nˆi, nˆs)dΩ =
∫
4π
|f(nˆi, nˆs)|
2dΩ; (m2) (2.5)
where
∫
4π
. dΩ =
∫ π
0
∫ 2π
0
sin θdθdφ is a double integral over a solid angle of 4π.
Finally, the function P (nˆi, nˆs) is defined as
P (nˆi, nˆs) = 4πσd(nˆi, nˆs). (2.6)
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The extinction cross section σt is a measurement of how much energy is re-
moved from the wave as it propagates through the medium. This energy can be
removed either by scattering into other directions or by absorption (i.e. energy
is dissipated as heat). The extinction cross section includes both effects and is
defined as:
σt = κs + ν, (2.7)
where ν represents the absorption cross section of a single scatterer.
The quantities and concepts introduced in this section are required when
dealing with transport theory or classic scattering models. The scattering cross
section is a standard definition that can be utilized to compare experimental
results to simulated results from any scattering model, and it will be mentioned
again in sections 3.5 and 5.
2.3 Classic approach to scattering from random media
As an example of the classic approach to model acoustic scattering from ran-
dom media, this section overviews the integral method, which is the starting point
of most scattering models currently used.
The integral method consists of writing the wave equation with the density
and sound speed as functions of the position within the media. Several models
currently used to predict volume scattering are based on this technique (see [17,
16
18, 19] for example), and therefore it will be suitable for comparison with the
results obtained from the proposed RT model.
To develop this section, consider a volume of background material with con-
stant sound speed c1 and constant density ρ1, and this material is mixed with
scatterers of different sound speed (to simplify the expressions, it is assumed that
the density of the scatterers is the same as ρ1). Then, the sound speed in the
volume is written as c(~r) = co+ δc(~r), where co is the average sound speed of the
mix (background+scatterers), and δc is a perturbation, that could be due to a
smooth gradient (δc/co ≪ 1) or due to a discrete scatterer (δc/co ≫ 1). Then,
[
1
c(~r)
]2
=
1
c2o
+
ǫ
c2o
; (2.8)
where
ǫ =
[
−2δc(~r)
co
]
. (2.9)
The wave equation for layer 1 can be written as [17]
∇2p(~r) +
ω2
c(~r)2
p(~r) = 0; (2.10)
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where ∇2 is the Laplacian and
p(~r) = pi(~r) + ps(~r); (2.11)
is the acoustic pressure at the position ~r, given by the sum of the incident and
the scattered pressure. Using (2.8), the wave equation can be written as an
inhomogeneous wave equation:
∇2p(~r) +
ω2
c2o
p(~r) = −
ǫ2
c2o
ω2p(~r); (2.12)
and the solution method for this non-homogeneous equation usually requires
approximations.
For a volume V containing the random scatterers, the solution of (2.12) is
given by Green’s theorem [20] as the convolution of the source term ǫ
2
c2o
ω2p(~r)
with the Green’s function G(~r, ~ro)
2 as
p(~r) =
∫
V
G(~r, ~ro)p(~ro)dVo, (2.13)
where
∫
V
is an integral on the volume containing the scatterers, and ro is a vector
2The Green’s function is the solution to the homogeneous wave equation. In this
case, it is the solution of (2.12) in the absence of scatterers. For example, G(r, ro) =
eiω|~r−~ro|/co/ (4π|~r − ~ro|) for a single homogeneous media with no boundaries, and its complexity
increases as layers are included [19].
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that indicates the position of the differential volume dVo. By looking at (2.13)
the mathematical complexity of this method is clear: the unknown quantity p(~r)
is also part of the integrand.
To overcome this problem, two approximations have been suggested[21]:
1. The small perturbation (Born) approximation: This method assumes that
δc/co ≪ 1, which means that the contrast of the scatterer with respect to
the background is weak (i.e. the scatterer is very similar to the background
medium), and therefore the scattered field is very small compared to the
incident field. In this case, p(~ro) ≈ pi(~ro) in the right side of (2.13).
2. The Rayleigh approximation: If the size of the scatterers is much less than
the wavelength (a≪ λ), then it is possible to find algebraic expressions for
the scattered field for certain scatterers with regular shape.
Note that both of the solution methods impose limits on the applicability
of the model in order to obtain a mathematical tractable solution, but those
approximations do not necessarily describe the random media.
2.4 Conclusion
A description of relevant acoustic scattering mechanisms commonly found in
the seabed was provided, since this information is required to fully appreciate the
capabilities of the proposed model. Then, the main concepts and quantities used
19
to describe the phenomena of scattering were introduced. Finally, an example of
a classic approach to model scattering from random media was presented and its
advantages and shortcomings were itemized.
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Chapter 3
Radiative transfer model for elastic media
In this section, scattering from random media is explained from the perspec-
tive of transport theory, and the Radiative Transfer (RT) equation is obtained
using heuristic arguments1.
Transport theory is an alternative way to describe the propagation of energy
through randommedia. Instead of using the acoustic field (magnitude and phase),
transport theory provides equations for the energy carried by those fields. In this
theory the main quantity is the specific intensity, which represents the “average
power per unit area, per solid angle, per frequency”, as illustrated in Fig. 3.1.
In Fig. 3.1, dΩ is a differential solid angle represented as a cone or “energy
pencil”, used to indicate a family of directions close to the unit vector sˆ. In
spherical coordinates, dΩ = sin θdθdφ, where θ is the elevation angle and φ is the
azimuth angle.
1The RT equation can also be formally derived from Twersky’s multiple scattering theory[11,
21], and this establishes the connection between transport theory and classic scattering theory.
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dΩ
I(r, sˆ)
θnˆ
Figure 3.1: Definition of the specific intensity I(r, sˆ) as the energy that goes
through a differential area da and within a differential solid angle dΩ. The specific
intensity forms an angle θ with the normal to the surface da.
The RT equation can be obtained from the conservation of energy in a dif-
ferential volume containing random scatterers, as shown in Fig. 3.2. The spe-
cific intensity at the input of the differential volume located at the tip of vec-
tor ~r = |~r|sˆ is I(~r, sˆ). At the output of the differential volume the intensity
I(rˆ + drˆ, sˆ)(where d~r = drsˆ) has changed due to scattering processes. The dif-
ference I(~r + d~r, sˆ) − I(~r, sˆ) represents the change in the energy that travels a
distance dr in the direction of sˆ. This difference can be negative if energy has
been lost due to absorption (lossy scatterers or lossy background media) or due
to scattering of energy into directions other than sˆ (Fig. 3.2(a)). Also, the dif-
ference can be positive if energy has been “gained” due to scattering of energy
from other particles outside the differential volume (Fig. 3.2(b)).
It can be stated that [22, 21]
∂I(~r, sˆ)
∂r
= −ησtI(~r, sˆ) +
η
4π
∫
4π
P (sˆ, sˆ′)I(~r, sˆ′)dΩ′, (3.1)
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Figure 3.2: Change in the specific intensity I(~r, sˆ) when it propagates through
a differential volume dV containing η scatterers/m3: (a) Loss mechanism due to
scattering of energy into direction sˆ′; (b) Gain mechanism, due to coupling of
energy from direction sˆ′ into sˆ.
where η is the concentration of scatterers (scatterers/m3), σt is the total scattering
cross section of a single scatterer and P (sˆ, sˆ′) represents the scattering of energy in
the direction sˆ due to the incident intensity I(~r, sˆ′) coming from other scatterers
outside dV . Note that σt and P (sˆ, sˆ
′) are properties of the scatterers as mentioned
in section 2.2, and they depend on the size, orientation, shape, acoustic impedance
of the scatterer, and frequency of the excitation signal. Some general observations
about the RT equation (3.1) are:
1. ησt has units of scatterer per meter. This product represents the number of
scatterers that interact with the intensity while it travels from ~r to ~r + d~r.
2. The double integral represents the collection of energy coming from all
directions sˆ′ and coupling into the direction of observation sˆ. The “coupling
factor” that determines how much energy is distributed over each angle is
P (sˆ, sˆ′).
23
3. The double integral is known as the multiple scattering term, because it
implies that the energy is scattered at least twice: first by scatterers outside
the differential volume (giving rise to the incoming radiation I(~r, sˆ′)) and
then by scatterers within the differential volume.
4. If the multiple scattering is ignored, (3.1) has an analytical solution of the
form I(~r, sˆ) = Ioe
−ησtr (the so called Beer’s law, where Io is the initial inten-
sity), which means that the intensity decays exponentially as a function of
the number of scatterers along the propagation path and its corresponding
cross section. In Transport theory, this is known as the “single scattering
solution”.
5. Equation (3.1) can be written in any coordinate system (spherical, Carte-
sian, cylindrical). In section 3.1, this equation will be re-written for the
special case of parallel plane layers.
The next two sections introduce versions of (3.1) suitable for parallel plane
layers.
3.1 Scalar radiative transfer
As mentioned in the opening statement, one of the main advantages of ap-
plying the RT formulation to the problem of ocean bottom scattering is that the
geometry of the ocean is well described as parallel plane layers with embedded
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scatterers. This is very similar to most of the problems in which the RT equation
is used nowadays for electromagnetics remote sensing, and specific solution tech-
niques for the RT equation in parallel-plane media have already been developed.
This section introduces a version of (3.1) specifically suited for parallel-plane ge-
ometries with constant statistical properties along the x/y coordinates, as shown
in Fig. 3.3. In ocean acoustics, it is customary to define the zˆ axis pointing down,
with z = 0 m at the water-sediment interface.
Source receiver
φo
θ
θo
xˆ
xˆ
yˆ
zˆ
zˆ
zd
z
r
=
z/
cos θ
ρ0, c0
ρ1, c1
ρ2, c2
Layer
0
Lay
er 1
Lay
er 2
Figure 3.3: View of a parallel-plane scattering media in which the z axis points
down and z = 0 m corresponds to the water-sediment interface. Since the sta-
tistical properties along the x/y coordinates are constant, the specific intensity
depends only on the depth z and the direction, specified by the azimuth angle
φ and the elevation angle θ, so I(~r, sˆ) = I(z, θ, φ). Without loss of generality, it
can be assumed the the azimuth of the incident radiation is zero (φo = 0).
With the assumption of statistical independence in the x/y coordinates, the
specific intensity I(~r, sˆ) only depends on z and the direction of propagation, which
can be unambiguously specified by the azimuth angle φ measured with respect
to the x axis and the elevation angle θ measured with respect to the z axis. With
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the change of variable r = z/ cos θ, (3.1) can be written as
∂I(z, θ, φ)
∂z/ cos θ
= −ησtI(z, θ, φ) +
η
4π
∫
4π
P (θ, φ, θ′, φ′).I(z, θ′, φ′)dΩ′ (3.2)
In most of the publications related to transport theory, the optical distance is
defined as
τ = ησtz, (3.3)
so (3.2) results in
µ
∂I(τ, θ, φ)
∂τ
= −I(τ, θ, φ) +
1
4πσt
∫
4π
P (µ, φ, µ′, φ′)I(τ, θ′, φ′)dΩ′, (3.4)
with µ = cos θ. This equation together with the boundary conditions (BC)
constitute the entire mathematical formulation. The BC for the layer 1 in Fig. 3.3
can be written as:
I(τ = 0, θ, φ) = R10(θ)I(τ = 0, π − θ, φ) 0 < θ < π/2;
I(τ = τd, π − θ, φ) = R12(θ)I(τ = τd, θ, φ) 0 < θ < π/2;
(3.5)
where R10(θ) and R12(θ) are the angle-dependent reflection coefficients between
layer 0 and layer 1 and between layer 1 and layer 2, respectively.
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3.2 Vector radiative transfer
Contrary to fluid media, elastic media such as consolidated sediments support
three kinds of polarization of acoustic waves: shear vertical, shear horizontal and
longitudinal. These polarizations are orthogonal to each other, which means
that the total power carried by an acoustic wave can be found by adding the
contribution of the three polarizations. In this section, (3.4) is modified to include
the effects of polarization by using the Stoke’s parameters for acoustic waves2.
The material in this section follows the adaptation of the RT formulation to
acoustics presented by Turner at al [13]3.
3.2.1 Statement of the equation and boundary conditions
Figure 3.4 shows three cases in which a scatterer surrounded by elastic media
is hit by a propagating wave. If the incident wave has longitudinal polarization,
the scattered wave can have longitudinal, shear vertical and shear horizontal
polarizations with magnitude proportional to PLL(µ, φ;µ
′, φ′),PyL(µ, φ;µ
′, φ′) and
PxL(µ, φ;µ
′, φ′), respectively. The terms Pab(µ, φ;µ
′, φ′) are the equivalent to
P (µ, φ, µ′, φ′) in (3.4), but they include the conversion from polarization a into
2See appendix A for a definition of the Stoke’s parameters for acoustics.
3Turner et al have suggested the use of the RT theory for ultrasound applications in un-
bounded media with steady excitations [13], and they extended the formulation to semi infinite
media[14] with pulsed excitations[15]. Solution for a finite layer with reflective boundaries is
developed in this section, and using this formulation for ocean bottom scattering is suggested
in this work for the first time.
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polarization b, with {a, b, c} ∈ {x, y, L}.
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Figure 3.4: Partition of energy in longitudinal, shear vertical and shear horizontal
polarizations for incident waves with different polarization. As in the scalar case
presented in section 2.2, Pab = 4π|fab|
2. Note that longitudinal scattered waves
propagate with a wavenumber kL = ω/cL while transversal waves propagate with
wavenumber kT = ω/cT , where cL and cT are the sound speed for longitudinal
and shear waves, respectively.
The partition of energy into transversal (x or y) and longitudinal (L) waves
leads to the definition of two sets of scattering and absorption cross sections.
Similar to (2.5) for the scalar case, the longitudinal and transversal scattering
cross sections are
κL =
1
4π
∫
4π
[PLL + PLy + PLx] dΩ
′
κT =
1
8π
∫
4π
[PyL + Pyy + Pyx + PxyL + Pxy + Pxx] dΩ
′
(3.6)
and the extinction cross section for longitudinal and transversal waves are
σL = κL + νL
σT = κT + νT
(3.7)
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where νL and νT are the absorption terms corresponding to longitudinal and
transverse polarization, respectively.
Due to orthogonality, an equation similar to (3.4) can be written for each
of the Stoke’s parameters. For example, the RT equation for the longitudinal
component is
µ
∂IL(µ, φ, z)
∂z
= −ησLIL(µ, φ, z)+
η
4π
∫ 1
−1
∫ 2π
0
[PLL(µ, φ;µ
′
, φ
′
)IL(µ
′
, φ
′
, z)
+PLy(µ, φ;µ
′
, φ
′
)Iy(µ
′
, φ
′
, z)
+PLx(µ, φ;µ
′
, φ
′
)ILx(µ
′
, φ
′
, z)
+PLU(µ, φ;µ
′
, φ
′
)U(µ
′
, φ
′
, z)
+PLV (µ, φ;µ
′
, φ
′
)V(µ
′
, φ
′
, z)]dµ
′
dφ
′
,
(3.8)
and a similar equation can be written for Iy,Ix,U and V . By defining the vector
I(µ, φ, τ) =


IL
Iy
Ix
U
V


, (3.9)
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the vector RT equation can be written as
µ
∂I(µ, φ, τ)
∂τ
= −σ˜ I(µ, φ, τ) +
1
4πκT
∫ 1
−1
∫ 2π
0
P(µ, φ;µ
′
, φ
′
)I(µ
′
, φ
′
, τ)dµ
′
dφ
′
,
(3.10)
where τ = ηκT z and
σ˜ =


σ˜L 0 0 0 0
0 σ˜T 0 0 0
0 0 σ˜T 0 0
0 0 0 σ˜T 0
0 0 0 0 σ˜T


, (3.11)
with σ˜L = σL/κL and σ˜T = σT/κL. The term P(µ, φ;µ
′
, φ
′
) is the 5x5 Mueller
matrix [13] for a single scatterer:
P(µ, φ;µ
′
, φ
′
) =


PLL PLy PLx PLU PLV
PyL Pyy Pyx PyU PyV
PxL Pxy Pxx PxU PxV
PUL PUy PUx PUU PUV
PV L PV y PV x PV U PV V


, (3.12)
where the angular dependence of the elements in the matrix P(µ, φ;µ
′
, φ
′
) has
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been suppressed for brevity.
For a finite layer of thickness zb and reflecting boundaries, the elastic boundary
conditions are defined as
I(µ > 0, φ, 0+) = Isrc + I10(µ > 0, φ, 0
+) z = 0+, downward
I(µ < 0, φ, τ−b ) = I12(µ < 0, φ, τ
−
b ) z = z
−
b , upward
(3.13)
where
Isrc(µ, φ, 0
+) =


TˆLL01 KL0δ(θ − θ
L1
1 )
TˆLy01 KL0δ(θ − θ
y1
1 )
0
0
0


, (3.14)
results from the coupling of energy from the water column into the sediment.
The parameter KL0 is the amplitude of the incident specific intensity at z = 0
due to an acoustic source in the water column. It is assumed to be a colli-
mated beam in the direction (θL1o ,φo) and it refracts into longitudinal and shear
specific intensities within the sediment, with amplitude determined by the spe-
cific intensity transmission coefficients TˆLL01 (longitudinal-to-longitudinal) and Tˆ
Ly
01
(longitudinal-to-shear vertical); there is no longitudinal-to-shear horizontal cou-
pling, so TˆLx01 = 0. As a convention, the superscript in the reflection/transmission
coefficients indicates the change in polarization and the subscript indicates the
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layers at the interface.
The angles of the refracted waves are indicated by µL11 = cos θ
L1
1 and µ
y1
1 =
cos θy11 , where the subscript corresponds to the layer and the superscript has
been introduced to indicate whether the angle describes a longitudinal or a shear
vertical intensity. As explained later, multiple interactions of the intensity with
the boundaries of the layer result in the alignment of the coherent intensity along
several directions of propagation, which are indicated with a numerical value
in the super index. For example, θL11 and θ
L2
1 correspond both to longitudinal
coherent intensities in layer 1, traveling in two different angles that are labeled as
L1 and L2. Similarly, θ
y1
1 and θ
y2
1 are shear vertical coherent intensities in layer 1.
The vectors I10 and I12 are the reflected specific intensities at τ = 0 and
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τ = τb, respectively, and are defined as
I10(µ > 0, φ, 0
+) =


RˆLL10 IL(−µ, φ, 0
+) + RˆyL10 Iy(−µ
yA
1 , φ, 0
+)
RˆLy10 IL(−µ
LA
1 , φ, 0
+) + Rˆyy10Iy(−µ, φ, 0
+)
Ix(−µ, φ, 0
+)
RˆUU10 IU (−µ, φ, 0
+) + RˆV U10 IV (−µ, φ, 0
+)
RˆUV10 IU (−µ, φ, 0
+) + RˆV V10 IV (−µ, φ, 0
+)


, (3.15)
I12(µ < 0, φ, τ
−
b ) =


RˆLL12 IL(−µ, φ, τ
−
b ) + Rˆ
yL
12 Iy(µ
yA
1 , φ, τ
−
b )
RˆLy12 IL(µ
LA
1 , φ, τ
−
b ) + Rˆ
yy
12Iy(−µ, φ, τ
−
b )
Ix(−µ, φ, τ
−
b )
RˆUU12 IU (−µ, φ, τ
−
b ) + Rˆ
V U
12 IV (−µ, φ, τ
−
b )
RˆUV12 IU (−µ, φ, τ
−
b ) + Rˆ
V V
12 IV (−µ, φ, τ
−
b )


, (3.16)
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where Rˆabcd is the reflection coefficient for an incident wave with polarization a
into a wave with polarization b at the boundary between media c and d. The
variables µLA1 = cos θ
LA
1 and µ
yA
1 = cos θ
yA
1 indicate off-axis contribution due to
conversion from longitudinal and shear vertical polarizations, and are defined as:
θLA1 = sin
−1
(
cL1
cT1
sin θ
)
; θyA1 = sin
−1
(
cT1
cL1
sin θ
)
;
θ = cos−1 |µ|.
(3.17)
Notice that for the vector RT equation, each layer n is characterized by a
longitudinal sound speed cLn and a transversal sound speed cTn, in addition to
the density ρn.
Solution of (3.10) subject to the BC in (3.13) will be discussed in section 3.2.4.
3.2.2 The reduced intensity for a finite layer
In transport theory, the reduced intensity takes the form of the incident spe-
cific intensity [13], but it is attenuated according to the concentration of scat-
terers, the extinction coefficient and the attenuation of the background media,
as explained below. For the general case of a finite layer with reflecting bound-
aries, the reduced intensity has upward and downward components [23]. Due to
the refraction of longitudinal waves into shear waves and vice versa, the result-
ing reduced intensity can be collimated along eight different angles, as shown in
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Fig. 3.5.
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Figure 3.5: The reduced intensity can be collimated in 8 different directions: (a)
The upward longitudinal intensities IL1↑ri1 and I
L2↑
ri1
result from the transformations
L-L-L and L-y-L, respectively, where L stands for longitudinal and y for shear
vertical ; (b) Similar to (a) for Iy1↑ri1 (L-y-y) and I
y2↑
ri1
(L-L-y); (c) The downward
longitudinal intensities IL1↓ri1 and I
L2↓
ri1
correspond to the transformations L-L and
L-y-L-L, respectively; (d) Similar to (c) for Iy1↓ri1 (L-y) and I
y2↓
ri1
(L-L-y-y).
Each diagram in Fig. 3.5 represents a possible combination of multiple reflec-
tions of the energy within the sediment. The notation for the reduced intensity
is similar to the notation for angles in (3.14): the subindex ri1 stands for reduced
intensity in layer 1, and the super indexes L1 ↓ and L2 ↓ stand for downward
longitudinal intensities collimated along two different angles (L1 and L2 respec-
tively), and a similar interpretation applies to the other terms. A closed form
expression for each combination of multiple reflections can be found by writing an
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infinite summation of terms and simplifying the resulting geometric series. For
example, for multiple reflections with no conversion of polarization, the upward
longitudinal and vertical shear reduced intensities can be written as [23]:
I
L1↑
ri1
(µ, φ, τ) =
KL0Tˆ
LL
01 Rˆ
LL
12
1− RˆLL12 Rˆ
LL
01 e
2σ˜Lτb/µ
e2σ˜Lτb/µe−σ˜Lτ/µ
δ
(
θ − (π − θL11 )
)
δ(φ− φo);
I
y1↑
ri1
(µ, φ, τ) =
KL0Tˆ
Ly
01 Rˆ
yy
12
1− Rˆyy12Rˆ
yy
01e
2σ˜T τb/µ
e2σ˜T τb/µe−σ˜T τ/µ
δ (θ − (π − θy11 )) δ(φ− φo).
(3.18)
If σ˜Lτb, σ˜T τb >> 1, there is significant scattering and absorption within the
layer so multiple bounces can be ignored. The simplified expressions for the
upward intensities in layer 1 become:
I
L1↑
ri1
(µ, φ, τ) = AL1↑1 (µ)e
−σ˜Lτ/µ δ
(
θ − (π − θL11 )
)
δ(φ− φo);
I
L2↑
ri1
(µ, φ, τ) = AL2↑1 (µ)e
−σ˜Lτ/µ δ
(
θ − (π − θL21 )
)
δ(φ− φo);
I
y1↑
ri1
(µ, φ, τ) = Ay1↑1 (µ)e
−σ˜T τ/µ δ (θ − (π − θy11 )) δ(φ− φo);
I
y2↑
ri1
(µ, φ, τ) = Ay2↑1 (µ)e
−σ˜T τ/µ δ (θ − (π − θy21 )) δ(φ− φo);
(3.19)
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where
AL1↑1 (µ) = KL0Tˆ
LL
01 Rˆ
LL
12 exp
[
2σ˜Lτb
µ
]
;
AL2↑1 (µ) = KL0Tˆ
Ly
01 Rˆ
yL
12 exp
[
−τb
(
σ˜T
µ
y1
1
− σ˜L
µ
)]
;
Ay1↑1 (µ) = KL0Tˆ
Ly
01 Rˆ
yy
12exp
[
2σ˜T τb
µ
]
;
Ay2↑1 (µ) = KL0Tˆ
LL
01 Rˆ
Ly
12 exp
[
−τb
(
σ˜L
µ
L1
1
− σ˜T
µ
)]
;
(3.20)
are the amplitude terms. Similarly, the expressions for the downward reduced
intensities are:
I
L1↓
ri1
(τ, µ, φ) = AL1↓1 (µ)e
−σ˜Lτ/µ δ(θ − θL11 )δ(φ− φo);
I
L2↓
ri1
(τ, µ, φ) = AL2↓1 (µ)e
−σ˜Lτ/µ δ(θ − θL21 )δ(φ− φo);
I
y1↓
ri1
(τ, µ, φ) = Ay1↓1 (µ)e
−σ˜T τ/µ δ(θ − θy11 )δ(φ− φo);
I
y2↓
ri1
(τ, µ, φ) = Ay2↓1 (µ)e
−σ˜T τ/µ δ(θ − θy21 )δ(φ− φo);
(3.21)
where
AL1↓1 (µ) = KL0Tˆ
LL
01 ;
AL2↓1 (µ) = KL0Tˆ
Ly
01 Rˆ
yL
12 Rˆ
LL
11 exp
[
−τb
(
σ˜T
µ
y1
1
+ σ˜L
µ
)]
;
Ay1↓1 (µ) = KL0Tˆ
Ly
01 ;
Ay2↓1 (µ) = KL0Tˆ
LL
01 Rˆ
Ly
12 Rˆ
yy
11exp
[
−τb
(
σ˜L
µ
L1
1
+ σ˜T
µ
)]
.
(3.22)
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The variables µL11 ,µ
y1
1 ,µ
L2
1 ,µ
y2
1 are the cosine of the angles
θL11 = sin
−1
[
cL1
cL0
sin θL10
]
; θy11 = sin
−1
[
cT1
cL0
sin θL10
]
;
θL21 = sin
−1
[
cL1
cT1
sin θy11
]
; θy21 = sin
−1
[
cT1
cL1
sin θL11
]
;
(3.23)
where cLa and cTa are the longitudinal and shear sound speed in the a
th layer,
respectively.
3.2.3 The vector RT equation for diffuse intensity with multiple co-
herent sources
The procedure for solving (3.10) consists of writing the total specific intensity
as the summation of the reduced and the diffuse intensity:
I(µ, φ, τ) = Iri(µ, φ, τ) + Id(µ, φ, τ), (3.24)
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where
Iri(µ, φ, τ) =

I
L1↓
ri1
(µ, φ, τ) + IL2↓ri1 (µ, φ, τ) + I
L1↑
ri1
(µ, φ, τ) + IL2↑ri1 (µ, φ, τ)
I
y1↓
ri1
(µ, φ, τ) + Iy2↓ri1 (µ, φ, τ) + I
y1↑
ri1
(µ, φ, τ) + Iy2↑ri1 (µ, φ, τ)
0
0
0


;
(3.25)
and
Id(µ, φ, τ) =


ILd1(µ, φ, τ)
I
y
d1
(µ, φ, τ)
Ixd1(µ, φ, τ)
IUd1(µ, φ, τ)
IVd1(µ, φ, τ)


; (3.26)
is the vector of diffuse intensities to be found. Note that for any specific angle
µ only one term in the sum (3.25) will be non-zero due to the δ functions in
(3.19) and (3.21). Substitution of (3.24) into (3.10) results in an expression for
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Id(µ, φ, τ) with sources of longitudinal and transversal specific intensity:
µ
∂Id(µ, φ, τ)
∂τ
= −σ˜Id(µ, φ, τ)+
1
4πκT
[∫ 1
−1
∫ 2π
0
P(µ, φ;µ
′
, φ
′
)Id(µ
′
, φ
′
, τ)dµ
′
dφ
′
]
+SL1↓1 (µ, φ)e
−
σ˜Lτ
µ
L1
1 + SL2↓1 (µ, φ)e
−
σ˜Lτ
µ
L2
1
+Sy1↓1 (µ, φ)e
−
σ˜T τ
µ
y1
1 + Sy2↓1 (µ, φ)e
−
σ˜T τ
µ
y2
1
+SL1↑1 (µ, φ)e
σ˜Lτ
µ
L1
1 + SL2↑1 (µ, φ)e
σ˜Lτ
µ
L2
1
+Sy1↑1 (µ, φ)e
σ˜T τ
µ
y1
1 + Sy2↑1 (µ, φ)e
σ˜T τ
µ
y2
1 ,
(3.27)
where
SL1↓1 (µ, φ) =
1
4πκT
P(µ, φ;µL11 , φo)


AL1↓1 (µ
L1
1 )
0
0
0
0


; (3.28)
SL2↓1 (µ, φ) =
1
4πκT
P(µ, φ;µL21 , φo)


AL2↓1 (µ
L2
1 )
0
0
0
0


; (3.29)
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Sy1↓1 (µ, φ) =
1
4πκT
P(µ, φ;µy11 , φo)


0
Ay1↓1 (µ
y1
1 )
0
0
0


; (3.30)
Sy2↓1 (µ, φ) =
1
4πκT
P(µ, φ;µy21 , φo)


0
Ay2↓1 (µ
y2
1 )
0
0
0


; (3.31)
and the upward “source” terms SL1↑1 (µ, φ), S
L2↑
1 (µ, φ), S
y1↑
1 (µ, φ) and S
y2↑
1 (µ, φ)
can be obtained from (3.28)-(3.31) by substituting “↓” by “↑” and µab1 by −µ
ab
1
in the phase matrix P(µ, φ;µab1 , φo).
For the diffuse intensity in (3.27) the same boundary conditions as in (3.15)
and (3.16) can be used and the solution of the diffuse intensity is outlined in
section 3.2.4.
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3.2.4 Solution of the vector RT equation by Fourier Series and Gaus-
sian Quadrature integration
This section presents a method of solution of the vector RT equation. It
follows the method developed by Turner et al [13] and Ishimaru [21], but it is
extended to the general case of a layer with arbitrary thickness τd and reflective
top and bottom boundaries. This section contains a lot of matrix algebra steps
that can be skipped by the reader. The most important result in this section is
the expression in (3.54), because it allows computation of the specific intensity
as a function of θ, φ and τ .
First, a Fourier azimuthal decomposition in 2M + 1 terms is applied to the
Mueller matrix and the specific intensity. The corresponding Fourier series rep-
resentation is
Pm(µ, µo) =
1
2π
∫ 2π
0
P(µ, µ0, φ− φo)e
im(φ−φo)d(φ− φo);
Idm(µ, τ) =
1
2π
∫ 2π
0
Id(µ, φ− φo, τ)e
im(φ−φo)d(φ− φo);
(3.32)
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which allows to write the source terms as
SL1↓1m (µ) =
1
4πκT
Pm(µ, µ
L1
1 )


AL1↓1 (µ
L1
1 )
0
0
0
0


, (3.33)
for (3.28) and in a similar way for (3.29) through (3.31). The θ dependency can
be simplified with the Gaussian Quadrature method by discretizing the variable
θ in 2N angles. Equation (3.27) is transformed to4
∂Idm(τ)
∂τ
+WmIdm(τ) =
S
L1↓
1m exp
[
−
σ˜Lτ
µL11
]
+ SL2↓1m exp
[
−
σ˜Lτ
µL21
]
+Sy1↓1mexp
[
−
σ˜T τ
µy11
]
+ Sy2↓1mexp
[
−
σ˜T τ
µy21
]
+SL1↑1m exp
[
σ˜Lτ
µL11
]
+ SL2↑1m exp
[
σ˜Lτ
µL21
]
+Sy1↑1mexp
[
σ˜T τ
µy11
]
+ Sy2↑1mexp
[
σ˜T τ
µy21
]
;
(3.34)
4Notice that the underscore is used to indicate vectors of five elements corresponding to the
Stoke’s parameters as in (3.9), while bold face is used for vectors of size 5×2N , which include
all the elements of the gaussian quadrature discretization of the elevation angle θ.
43
where
Idm(τ) =


Idm(µ−N , τ)
Idm(µ−N+1, τ)
.
.
Idm(µN−1, τ)
Idm(µN , τ)


;
S
(L1,2/y1,2)(↑,↓)
1m =


S
(L1,2/y1,2)(↑,↓)
1m (µ−N ) /µ−N
S
(L1,2/y1,2)(↑,↓)
1m (µ−N+1) /µ−N+1
.
.
S
(L1,2/y1,2)(↑,↓)
1m (µN−1) /µN−1
S
(L1,2/y1,2)(↑,↓)
1m (µN ) /µN


;
(3.35)
andWm is defined by Turner [13]. The solution to (3.34) consists of a particular
solution for each of the eight sources and a homogeneous solution. The particular
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solution is
Ipm(τ) =
H
L1↓
1m exp
[
−
σ˜Lτ
µL11
]
+HL2↓1m exp
[
−
σ˜Lτ
µL21
]
+Hy1↓1mexp
[
−
σ˜T τ
µy11
]
+Hy2↓1mexp
[
−
σ˜T τ
µy21
]
+HL1↑1m exp
[
σ˜Lτ
µL11
]
+HL2↑1m exp
[
σ˜Lτ
µL21
]
+Hy1↑1mexp
[
σ˜T τ
µy11
]
+Hy2↑1mexp
[
σ˜T τ
µy21
]
,
(3.36)
where
H
L1↓
1m =
(
Wm −D
σ˜L
µ
L1
1
)−1
S
L1↓
1m ;
H
L2↓
1m =
(
Wm −D
σ˜L
µ
L2
1
)−1
S
L2↓
1m ;
H
y1↓
1m =
(
Wm −D
σ˜T
µ
y1
1
)−1
S
y1↓
1m ;
H
y2↓
1m =
(
Wm −D
σ˜T
µ
y2
1
)−1
S
y2↓
1m ;
(3.37)
correspond to the downward source terms and
H
L1↑
1m =
(
Wm +D
σ˜L
µ
L1
1
)−1
S
L1↑
1m ;
H
L2↑
1m =
(
Wm +D
σ˜L
µ
L2
1
)−1
S
L2↑
1m ;
H
y1↑
1m =
(
Wm +D
σ˜T
µ
y1
1
)−1
S
y1↑
1m ;
H
y2↑
1m =
(
Wm +D
σ˜T
µ
y2
1
)−1
S
y2↑
1m ;
(3.38)
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correspond to the upward terms, with D as the 10Nx10N identity matrix.
The homogeneous solution can be found by solving an eigenvalue problem
(see [13]) with eigenvectors gmn and eigenvalues λmn. The full solution for the
mth Fourier expansion term of the diffuse intensity is written as
Idm(τ) = Ipm(τ) +
10N∑
n=1
Cmngmne
−λmnτ , (3.39)
where the constants Cmn must be found from the boundary conditions.
The intensity vector Idm can be divided in upward intensity(I
+
dm, µ < 0) and
downward intensity(I−dm, µ > 0), and it is evaluated at τ = 0
+ and τ = τ−b , so
the top boundary condition I−dm(τ = 0
+) = Rˆ10I
+
dm(τ = 0
+) yields the equation
10N∑
n=1
Cmng
−
mn + I
−
pm(0
+) = Rˆ10
(
10N∑
n=1
Cmng
+
mn + I
+
pm(0
+)
)
, (3.40)
and the bottom boundary condition I+m(τ
−
b ) = Rˆ12I
−
m(τ
−
b ) yields
10N∑
n=1
Cmng
+
mne
−λmnτb + I+pm(τb) =
Rˆ12
(
10N∑
n=1
Cmng
−
mne
−λmnτb + I−pm(τb)
)
,
(3.41)
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where
Rˆ10 =


0 0 0 ... 0 0 Rˆ10(µ−1)
0 0 0 ... 0 Rˆ10(µ−2) 0
.
.
.
0 Rˆ10(µ−N+1) 0 0 0 0 0
Rˆ10(µ−N ) 0 0 0 0 0 0


; (3.42)
Rˆ12 =


0 0 0 ... 0 0 Rˆ12(µN )
0 0 0 ... 0 Rˆ12(µN−1) 0
.
.
.
0 Rˆ12(µ2) 0 0 0 0 0
Rˆ12(µ1) 0 0 0 0 0 0


; (3.43)
with the matrix of reflection coefficients Rˆab defined as:
Rˆab =


RˆLLab Rˆ
yL
ab 0 0 0
RˆLyab Rˆ
yy
ab 0 0 0
0 0 Rˆxxab 0 0
0 0 0 RˆUUab Rˆ
V U
ab
0 0 0 RˆUVab Rˆ
V V
ab


. (3.44)
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Equations (3.40) and (3.41) can be written in matrix form as
G−(0)Cm + I
−
pm(0) = Rˆ10
(
G+(0)Cm + I
+
pm(0)
)
;
G+(τb)Cm + I
+
pm(τb) = Rˆ12
(
G−(τb)Cm + I
−
pm(τb)
)
;
(3.45)
where
G−(τ) =


g1m1e
−λ1τ g1m2e
−λ2τ ... g1m10Ne
−λ10N τ
g2m1e
−λ1τ g2m2e
−λ2τ ... g2m10Ne
−λ10N τ
. . . .
gNm1e
−λ1τ gNm2e
−λ2τ ... gNmNe
−λ10N τ


; (3.46)
G+(τ) =


g−Nm1 e
−λ1τ g−Nm2 e
−λ2τ ... g−Nm10Ne
−λ10N τ
g−N+1m1 e
−λ1τ g−N+1m2 e
−λ2τ ... g−N+1m10N e
−λ10N τ
. . . .
g−1m1e
−λ1τ g−1m2e
−λ2τ ... g−1m10Ne
−λ10N τ


; (3.47)
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Cm =


Cm1
Cm2
...
Cm10N


. (3.48)
The equations in (3.45) are grouped to form a single matrix equation:
G1Cm + P = RGCm +RP , (3.49)
where
G1 =

 G
−(0)
G+(τb)

 ; (3.50)
P =

 I
−
pm(0)
I+pm(τb)

 ; (3.51)
RG =

 Rˆ10G
+(0)
Rˆ12G
−(τb)

 ; (3.52)
RP =

 Rˆ10I
+
pm(0)
Rˆ12I
−
pm(τb)

 . (3.53)
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Solving for Cm,
Cm = (G1 −RG)
−1(RP − P ). (3.54)
Once the constants Cm are known, the diffuse intensity can be computed at
any depth from (3.39). Section 3.5 details the computation of the scattering cross
section from the specific intensity, which is required to compare the RT model
with experimental measurements in section 5.
3.3 Transient radiative transfer
From (3.10), the intensity was assumed to be a function of the position z and
the direction (µ, φ). If the intensity changes with time, it can be shown that the
transient RT equation5 is given by [15]
µ
∂I(µ, φ, τ, ξ)
∂τ
+
1
c˜
∂I(µ, φ, τ, ξ)
∂ξ
=
−σ˜ I(µ, φ, τ, ξ) +
1
4πκT
∫ 1
−1
∫ 2π
0
P(µ, φ;µ
′
, φ
′
)I(µ
′
, φ
′
, τ, ξ)dµ
′
dφ
′
,
(3.55)
5The transient RT equation is the most recent development in transport theory for both
electromagnetics and acoustics and therefore it is still a topic of ongoing research [24, 15].
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where ξ = ηcTκT t is a normalized time similar to the normalized depth τ = ηκT z,
and
c˜ =
1
cT


cL 0 0 0 0
0 cT 0 0 0
0 0 cT 0 0
0 0 0 cT 0
0 0 0 0 cT


. (3.56)
By using the property of the Fourier Transform for derivatives, F
(
∂I(µ,φ,τ,ξ)
∂ξ
)
=
iΘI(µ, φ, τ,Θ), (3.55) is transformed to the Θ domain:
µ
∂I(µ, φ, τ,Θ)
∂τ
= −
[
iΘ
c˜
+ σ˜
]
∂I(µ, φ, τ,Θ)
∂ξ
+
1
4πκT
∫ 1
−1
∫ 2π
0
P(µ, φ;µ
′
, φ
′
)I(µ
′
, φ
′
, τ,Θ)dµ
′
dφ
′
.
(3.57)
It is important to establish a distinction between the frequency domain Θ,
referred as the outer frequency [15], and the frequency ω of the source, known as
the inner frequency. The inner frequency determines the behavior of the scat-
terers in the random media, and it is included in the formulation by calculating
P(µ, φ;µ
′
, φ
′
) and the scattering cross sections.
On the other hand, the outer frequency determines the rate of change of the
intensity, and therefore it is expected that Θ ≪ ω. Figure 3.6 illustrates the
difference between the inner and outer frequency, and it shows the extreme cases
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of a steady-state source (Θ = 0) or an instantaneous pulse of energy.
(a) (b) (c)
Figure 3.6: Interpretation of the inner and outer frequency scales: (a) Illustration
of the time domain of the excitation signal, with a frequency of oscillation ω; (b)
Corresponding input excitation in terms of specific intensity; (c) Input excitation
in the outer frequency domain Θ, which describes the rate of change of the specific
intensity in (b).
Equation (3.55) has the same form of (3.10) with the only exception of a
complex total cross section σc =
[
iΘ
c˜
+ σ˜
]
, where σ˜ is real and it was defined in
(3.11). Then, the solution method for the vector RT equation also apply to (3.55).
Equation (3.55) corresponds to the last row in Fig. 3.6, and therefore it gives the
impulse response of the media when the input intensity is an instantaneous pulse
of energy.
3.4 Power conservation
In most of the applications of the RT model found in the literature, the
measured quantity is the radiance (another name for the specific intensity), while
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in sonar applications, a more useful quantity is the power flux F (i.e. the amount
of power per unit area). In this section, this relationship is established, and an
expression was developed by the author to show the conservation of power in the
RT model.
3.4.1 The scalar case
It is easier to show the conservation of power starting with the scalar RT
equation. Once this result is obtained, it can be extended to the vector case.
Equation (3.2) can be written as
∇.(I(µ, φ, z)sˆ) = −ησtI(µ, φ, z)+
η
4π
∫
4π
P (µ, φ;µ′, φ′)I(µ′, φ′, z)dΩ′,
(3.58)
where ∇.(I(µ, φ, z)sˆ) =
(
∂
x
xˆ+ ∂
y
yˆ + ∂
z
zˆ
)
.(I(µ, φ, z)sˆ) is the divergence that
acts upon the specific intensity in the direction of the unit vector sˆ = sin θ cosφ xˆ+
sin θ sinφ yˆ+cos θ zˆ. By integrating over a solid angle of 4π in both sides of (3.58),
∇.
∫
4π
(I(µ, φ, z)sˆ) dΩ = −ησt
∫
4π
I(µ, φ, z)dΩ+
η
4π
∫
4π
∫
4π
P (µ, φ;µ′, φ′)dΩI(µ′, φ′, z)dΩ′.
(3.59)
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Since κs =
1
4π
∫
4π
P (µ, φ;µ′, φ′)dΩ (see (2.5)), (3.59) can be simplified to
∇.F (z, µ, φ) = −ησt
∫
4π
I(µ, φ, z)dΩ + ηκs
∫
4π
I(µ′, φ′, z)dΩ′
= −ην
∫
4π
I(µ, φ, z)dΩ,
(3.60)
where F (z, µ, φ) =
∫
4π
(I(µ, φ, z)sˆ) dΩ is the power flux in the sˆ direction and ν
is the absorption cross section defined in (2.7). Therefore, for lossless media in
which ν = 0, the divergence of the power flux is zero and the conservation of
energy holds[21].
Nevertheless, a more useful way to write (3.60) is as a mathematical ex-
pression for the gradient of the diffuse flux using the reduced intensity as a
source. By assuming that the reduced intensity is a decaying exponential Iri(z) =
KL0e
−ησtz/µδ(ω − ωo), (3.58) can be written as:
∇.(Id(µ, φ, z)sˆ) = −ησtId(µ, φ, z)+
η
4π
∫
4π
P (µ, φ;µ′, φ′)Id(µ′, φ′, z)dΩ′+ η
KL0P (µ, φ;µo, φo)e
−ησtz/µo
4π
.
(3.61)
Integration over a solid angle of 4π yields an expression for the diffuse power
flux Fd:
∇.(Fd(µ, φ, z)) = −ησ
∫
4π
Id(µ, φ, z)dΩ+
ηκs
∫
4π
Id(µ, φ, z)dΩ +KL0ηκse
−ησtz/µo ;
(3.62)
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or
∇.(Fd(µ, φ, z)) = −ην
∫
4π
Id(µ, φ, z)dΩ +KL0ηκse
−ησz/µo . (3.63)
From the divergence theorem[25],
∫
vol
∇.(Fd(µ, φ, z))dV =
∫
surf
(Fd(µ, φ, z)).sˆdS, (3.64)
where
∫
vol
< . > dV is an integral over a finite volume containing scatterers and
∫
surf
< . > dS is a surface integral over the area that encloses the volume V .
Since Fd(µ, φ, z) is a power flux (i.e. power per unit area), (3.64) gives the total
diffuse power Pd going through the surface that encloses V :
Pd =
∫ xo+1 m
xo
∫ yo+1 m
yo
∫ zd
0
∇.(Fd(µ, φ, z))dzdydx; (3.65)
or
Pd = −ην
∫
4π
∫ z=zd
z=0
Id(µ, φ, z)dzdΩ +KL0ηκs
∫ z=zd
z=0
e−ησtz/µodz
= −ην
∫
4π
∫ z=zd
z=0
Id(µ, φ, z)dzdΩ +KL0
κs
σt
µo
[
1− e−ησtzd/µo
]
.
(3.66)
Equation 3.66 can be interpreted as follows: the term
[
1− e−ησtzb/µo
]
rep-
resents the difference between the incident flux from the source and the output
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coherent power flux at z = zd. This difference represents the amount of power
that was “taken” by the scatterers and transformed into diffuse intensity or ab-
sorbed by the media. If the absorption ν = 0, then the diffuse power is exactly
the amount of power removed from the incident coherent stream. If there is
absorption, the diffuse power is reduced by −ην
∫
4π
∫ z=zd
z=0
Id(µ, φ, z)dzdΩ.
3.4.2 The vector case
For (3.10) the same procedure as in the scalar case can be followed by consid-
ering independently each source term. The equivalent expression for the diffuse
power with eight sources is:
Pd = P
L
av + P
T
av − ηνL
∫
4π
∫ z=zd
z=0
IdL(µ, φ, z)dzdΩ
−ηνT
∫
4π
∫ z=zd
z=0
(Idx(µ, φ, z) + Idy(µ, φ, z)) dzdΩ,
(3.67)
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where νL and νT are the absorption coefficients for longitudinal and transversal
waves and
PLav =
A↓1L
κL
σL
µ01LL
(
1− e−ησLzd/µ
01
LL
)
+
+A↓2L
κL
σL
µ11TL
(
1− e−ησLzd/µ
11
TL
)
+
+A↑1L
κL
σL
µ01LL
(
e−ησLzd/µ
01
LL − 1
)
+
+A↑2L
κL
σL
µ11TL
(
e−ησLzd/µ
11
TL − 1
)
;
P Tav =
A↓1T
κT
σT
µ01LT
(
1− e−ησT zd/µ
01
LT
)
+
+A↓2T
κT
σT
µ11LT
(
1− e−ησT zd/µ
11
LT
)
+
+A↑1T
κT
σT
µ01LT
(
e−ησT zd/µ
01
LT − 1
)
+
+A↑2T
κT
σT
µ11LT
(
e−ησT zd/µ
11
LT − 1
)
;
(3.68)
represent the available power density supplied by the longitudinal and transversal
sources to the media.
3.4.3 Numeric example of power conservation in lossless sediment
The conservation of the normal component of the power flux can be illustrated
using parameters relevant to ocean acoustics. In this example, the environment
consists of a layer of sand with spherical cavities as scatterers, lying on top of a
sand infinite half space, as depicted in Fig. 3.7.
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I
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z →∞
Figure 3.7: Layered environment consisting of an infinite halfspace and a finite
layer of thickness zd with embedded cavities. Since the background media for
layers 1 and 2 are the same, no energy is reflected back from this interface.
Since the background media are the same for layers 1 and 2, the elastic reflec-
tion coefficients are zero. Therefore, from (3.34) the corresponding RT equation
is:
∂Idm(τ)
∂τ
+WmIdm(τ) =
S
L1↓
1m exp
[
−
σ˜Lτ
µL11
]
+ Sy1↓1mexp
[
−
σ˜T τ
µy11
]
,
(3.69)
where the two sources correspond to the coupling of longitudinal energy in the
water column into longitudinal and shear vertical reduced intensities in the sed-
iment.
For the sand-water interface between layers 0 and 1, reflection and transmis-
sion coefficients must be considered to determine the amplitude of the sources
S
L1↓
1m and S
y1↓
1m , and to define the top BC. Table 3.1 shows the value of the density
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and sound speed for a typical sandy sediment [26] and water.
Table 3.1: Acoustic properties of the sediment and water column used in the RT
simulation.
Variable Sediment(see [26]) Water
ρs (kg/m
3) 2023.2 1027
cL (m/s) 1689 1500
cT (m/s) 117 0
Simulations of the transmission/reflection coefficients at the water-sediment
interface [27] are shown in Fig. 3.8 and 3.9:
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Figure 3.8: A longitudinal wave in the fluid reaches the fluid-solid boundary: R˜LL01
(circles), T˜LL01 (solid) and T˜
Ly
01 (squares) for the parameters in Table 3.1. Note the
critical angle for the transmitted longitudinal wave when θo = sin
−1(cf/cL).
The scatterers are spherical cavities with radius a = 10 mm and the concen-
tration is η = 2388 scat./m3. Environments consisting of gassy sediments are
well known in ocean acoustics, and this phenomenon has been studied by sev-
eral authors (see section 6.1). As a reference of the scattering properties of air
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Figure 3.9: A longitudinal wave in the solid reaches the solid-fluid boundary: T˜LL10
(solid), R˜LL10 (circles) and R˜
Ly
10 (squares) for the parameters in Table 3.1. Most of
the energy carried by the longitudinal wave in the sediment is transmitted to the
water for 0 < θL < 60
o.
cavities in elastic media, Fig. 3.10 shows the cross section for a transversal and
longitudinal plane wave of frequency 10 kHz impinging upon a single scatterer of
radius a 6. In Fig. 3.10(b), a resonance peak is observed at a = 3.8 mm and it
matches the value predicted by Kargl et al [28]. The values of κL = 1.8x10
−3 m2
and κT = 0.45x10
−3 m2 from Fig. 3.10 corresponding to a = 10 mm will be used
in this simulation.
Figure 3.11 shows the incident and scattered power fluxes. For this simulation,
the incident power flux is KL0 = 1 W/m
2, the frequency of the source is f =
10 kHz, the particle radius is a = 0.01 m and the thickness of layer 1 is zb = 1 m.
It is observed that the amount of volume (diffuse) scattering coming out of the
6Computation of scattering cross section from spherical scatterers will be explained in section
4.1
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Figure 3.10: (a) Scattering cross section for a transversal plane wave at 10
kHz (kT = 537 m
−1); (b) Same as (a) for an incident longitudinal wave
(kL = 37.2 m
−1). A resonance peak can be observed at a = 3.8 mm. In the
example in this section, scatterers with a = 10 mm are utilized.
layer at z = zb,
(
FL↓d1 + F
T↓
d1
)
|z=zb , is higher than the volume scattering at z = 0,(
FL↑d1 + F
T↑
d1
)
|z=0.
The critical angle for the longitudinal energy that couples into the sediment
is 62o, and above this angle the volume scattering is negligible. Because the shear
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Figure 3.11: Normal component of the outgoing power flux in layer 1, for a con-
figuration Water-Sand-Sand and no background attenuation. (a) The difference
FL1↓ri0 − F
L1↑
ri0
at z = 0 indicates the power flux that is transmitted into layer
1 from the water column; (b)Total upward (red) and downward (black) diffuse
power flux at z = 0 and z = zb m, respectively; (c) and (d) show the power flux
from coherent longitudinal and shear vertical energy, respectively (note differ-
ent scale on (d)). Due to the transparent boundary condition at z = zb, F
L1↑
ri1
,
FL2↑ri1 ,F
L2↓
ri1
,F y1↑ri1 ,F
y2↑
ri1
and F y2↓ri1 are zero.
sound speed in the sediment is smaller than the sound speed in the water, there
is always some minimum amount of transversal energy coupled into the finite
layer. Nevertheless, the total contribution to volume scattering related to the
62
shear polarization is small (note scale on Fig. 3.11(d)), since the transmission
coefficient from the water column into the sediment, TLy01 , is very small compared
to TLL01 . Since Fig. 3.11 was computed assuming lossless media, the conservation
of the normal power flux in (3.68) can be confirmed at each incidence angle θL10 .
The example presented in this section illustrates the application of the expres-
sion (3.68) developed in section 3.4.2 as a tool to verify the RT model in terms
of conservation of power. Note that the power flux in Fig. 3.11 corresponds to
the total power scattered from the media in all directions, which differs from the
actual power that would be measured with a finite size receiver in a field exper-
iment. In section 3.5, the definition of the received power is introduced, and it
will be used in chapter 6 to compare the RT model to experimental data from
a three-layer environment in which the scatterers are gas cavities trapped in a
lossy background sediment.
3.5 Obtaining the scattering cross section from transport theory
Once the specific intensity has been obtained, it is required to make a trans-
formation into more standard units that can be related to other scattering models
or to measurements[29]. One choice is to define the scattering cross section of
the random medium, which is introduced in this section.
Consider the bistatic measurement system represented in Fig. 3.12(a), in
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which a directional source illuminates a finite patch denoted in blue. The size
of this patch is determined by the radiation pattern of the transmitter and its
distance from the surface. An omni directional hydrophone will detect energy
propagating within a solid angle that is entirely defined by the size of the illu-
minated patch and the radial distance to the slab. From Fig. 3.12(a), this solid
angle is defined as ∆Ω = dA/R2, where dA is the area subtended by the solid
angle at a distance R from the receiver.
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dA
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L
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L
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Figure 3.12: Measurement of volume scattering from layered media: (a) General
bistatic geometry in which a directional transmitter(TX) illuminates a patch
(blue) defined by its radiation pattern and its distance from the media. The
omni directional receiver detects the energy crossing the area dA (gray); (b)
Monostatic configuration used in the experiments presented in section 5.
For the experiments presented in section 5, the measurement setup is the
special case illustrated in Fig. 3.12(b), for which θi is the elevation angle that
determines the direction of the excitation, while θs = π − θi is the elevation
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corresponding to the scattered energy. The origin of the coordinate system is
the center of the illuminated patch, with the z axis pointing toward the media.
Therefore, θ > 0 represents energy propagating from left to right. Without loss
of generality the azimuth angle of the incident radiation is defined as φi = 0
o.
The power received at an omni directional hydrophone can be computed from
the specific intensity I(µ, φ, z) as:
Pr =
∫
∆Ω
Tˆ10I(µ, φ, z = 0)dΩ, (3.70)
where ∆Ω was related to dA in the discussion concerning Fig. 3.12(a). The
integration in (3.70) can be solved numerically, but an approximation can provide
some insight into the relation between the RT model and classic models. For
example, in the far field ∆Ω is small and it can be expected that I(µ, φ, z = 0)
does not change significantly within the domain of integration, so it can be treated
as a constant in the integration which reduces (3.70) to:
Pr = Tˆ10I(µ, φ, z = 0)
dA
R2
. (3.71)
Then, the scattering cross section of the media is given by
Υ = R2
Pr
Pi
= Tˆ10I(µ, φ, z = 0)dA. (3.72)
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3.6 Conclusion
This section introduces the concept of Radiative Transfer for the scalar case,
and it extends the set of required equations for an elastic layer with finite thick-
ness supporting three kinds of polarizations. The solution method of the steady-
state and transient RT equation was described, and software routines were imple-
mented in MATLAB to simulate scattering as a function of different experimen-
tal parameters such as frequency of operation, size and constitution of scatterers,
background attenuation and layer thickness. Since the conservation law is an
important statement in transport theory, expressions for the conservation of the
normal component of the power flux were derived and used as a preliminary vali-
dation of the implemented software routines. Finally, the scattering cross section
was introduced as an standard way to relate the specific intensity obtained from
the RT model to measured data or for comparison with other models.
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Chapter 4
Validation of the RT scattering simulator
The computational model developed for this work consists of three main mod-
ules: the first module computes the frequency-dependent scattering properties of
a single scatterer. The second module computes the elastic reflection coefficients
to be used as boundary conditions. The last module computes the solution of the
transient and the steady-state RT equation, according to the theory presented in
section 3.2.4. In this section, equations related to the first two modules are in-
troduced, and simulations from each of the modules are presented and compared
to results found in the literature.
4.1 Scattering from a single elastic particle
This section discusses the method of obtaining the function P(µ, φ;µ′, φ′) in
(3.10) and the scattering cross sections (3.6) for the special case of spherical scat-
terers. There are two important observations related to the scattering function:
1. The form of the RT equation in (3.10) is the same for different shapes of
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scatterers (cylinders, irregular scatterers, etc.), and as long as the scattering
function P(µ, φ;µ′, φ′) can be found, the RT equation can be solved.
2. The procedure to obtain P(µ, φ;µ′, φ′) is analogous to finding the Fresnel
reflection coefficients, with the exception that the scattering surface is not
an infinite flat plane, but the surface of the scatterer. For scatterers with
regular shapes like spheres and cylinders, P(µ, φ;µ′, φ′) can be computed
analytically. For irregular shapes, numerical methods or other approxima-
tions can be utilized.
Figure 3.4(a) shows a diagram of an incident plane longitudinal wave on a
scatterer. If the scatterer is a sphere of radius a, the scattered wave has com-
ponents on rˆ, θˆ and φˆ. Following the procedure by Ying et al [30], the particle
displacement s due to the incident plane wave can be expressed as a summation
of spherical harmonics:
sir(r, θ) = −
1
kL
∞∑
m=0
(−1)m+1(2m+ 1)
∂jm(kLr)
r
Pm(cos θ);
siθ(r, θ) = −
1
rkL
∞∑
m=0
(−1)m+1(2m+ 1)jm(kLr)
∂Pm(cos(θ))
∂θ
;
siφ(r, θ) = 0;
(4.1)
where kL = ω/cL and kT = ω/cT are the longitudinal and transversal wave
numbers of the background media, respectively. The quantity Pm(cos θ) is the
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Legendre polynomial of mth degree and jm(kLr) is the spherical Bessel function
of the first kind.
Similarly, the particle displacement due to the scattered wave can be written
as a summation of spherical harmonics multiplied by (eventually known) coeffi-
cients Am and Bm
1:
ssr(r, θ) ≈
eikLr
r
∞∑
m=0
Am(−1)
mPm(cos θ) =
eikLr
r
fLL(cos θ);
ssθ(r, θ) =≈
eikT r
r
∞∑
m=0
Bm(−1)
m∂Pm(cos θ)
∂θ
=
eikLr
r
fLy(cos θ);
ssφ(r, θ) = 0;
(4.2)
In (4.2), fLL and fLy represent the partition of the incident longitudinal polar-
ization into scattered longitudinal and shear vertical polarizations, and they are
proportional to PLL and PLy from (3.12), so the task is reduced to finding the
coefficients Am and Bm.
The unknown coefficients can be found by enforcing boundary conditions (BC)
at the surface of the sphere of radius r = a. For example, if the sphere is made
of rigid material, the particles at the surface of the sphere can not oscillate. This
1This is similar to a Fourier Series decomposition in the sense that spherical harmonics are a
complete orthonormal set. Therefore, most functions can be written as a weighted summation
of spherical harmonics.
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rigid boundary condition results in a system of two equations with two unknowns,
sir(r = a, θ) + ssr(r = a, θ) = 0;
siθ(r = a, θ) + ssθ(r = a, θ) = 0;
(4.3)
from which Am and Bm can be found.
When the incident wave is transversal, it is written as [31]
sir(r, θ) = cosφ
eikLr
kLr
∞∑
m=0
(−1)m+1(2m+ 1)
∂jm(kLr)
r
Pm(cos θ);
siθ(r, θ) = −
1
rkL
∞∑
m=0
(−1)m+1(2m+ 1)jm(kLr)
∂Pm(cos θ)
∂θ
;
siφ(r, θ) = 0;
(4.4)
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and the scattered wave as
ssr(r, θ) ≈ cosφ
eikLr
kLr
∞∑
m=0
dm
(2m+ 1)
m(m+ 1)
Pm(cos θ) = cosφ
eikLr
r
fLy(cos θ);
ssθ(r, θ) ≈ cosφ
eikT r
kT r
∞∑
m=0
i
sin θ
[amPm(cos θ)
+bm
(
mPm+1(cos θ)
m+ 1
−
(m+ 1)Pm−1(cos θ)
m
)
]
= cosφ
eikT r
r
fyy(cos θ);
ssφ(r, θ) ≈ sinφ
eikT r
kT r
∞∑
m=0
i
sin θ
[bm
2m+ 1
m(m+ 1)
Pm(cos θ)
+am
(
mPm+1(cos θ)
m+ 1
−
(m+ 1)Pm−1(cos θ)
m
)
]
= sinφ
eikT r
r
fxx(cos θ);
(4.5)
and the coefficients am,bm and dm can be found following a similar procedure of
matching BC at the surface of the scatterer.
MATLAB routines were written by the author to compute the scattering
coefficients for a spherical air cavity surrounded by elastic media and for the more
general case of an elastic sphere surrounded by elastic media. These coefficients
(Am,Bm,am,bm and dm) are required in (3.6) to compute the scattering cross
sections and the elements in P(µ, φ;µ′, φ′). It can be demonstrated [30, 31] that
the longitudinal and transversal scattering cross sections for spherical scatterers
in (3.6) are:
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κL =
∞∑
m=0
1
2m+ 1
(
|Am|
2 +m(m+ 1)
kL
kT
|Bm|
2
)
;
κT =
∞∑
m=0
2m+ 1
2
(
1
k2T
|am|
2 +
1
k2T
|bm|
2 +
kT
k3Lm(m+ 1)
|dm|
2
)
;
(4.6)
To test the MATLAB code, Fig. 4.1 shows the scattering cross section when
a shear wave is incident upon an elastic sphere with cLp = 6000 m/s, cTp =
3500 m/s, and ρp = 2700 kg/m
3. The sphere is surrounded by a “softer” material
with cL1 = 1400 m/s, cT1 = 0.1 m/s, and ρ2 = 1000 kg/m
3. The results are
compared to the ones published by Korneev et al [32]2. Similar results (not
shown) were verified for the case of an incident longitudinal wave and for void
scatterers, which can be found in seabed sediments in the form of trapped gas
bubbles.
4.2 Plane wave reflection coefficients
If the roughness of the interface between layers can be ignored, plane wave
reflection/transmission coefficients for elastic media can be used as the BC in
(3.13). In ocean acoustics, there are two types of interfaces: the liquid-solid in-
terface between the water column and the sediment, and the solid-solid interface,
2During the implementation of software routines for scattering of shear waves by an elastic
sphere, disagreement was found in one of the coefficients presented by McBride et al [33]. This
will be addressed in a letter to the Journal of Applied Physics in the near future.
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(a) NEAR-Lab results
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Figure 4.1: (a) Scattering of a shear wave incident upon a spherical elastic inclu-
sion with cLp = 6000 m/s, cTp = 3500 m/s, and ρp = 2700 kg/m
3, surrounded by
elastic media with cL1 = 1400 m/s, cT1 = 0.1 m/s, and ρ1 = 1000 kg/m
3. The
blue line corresponds to the normalized cross section, the black line represents
the portion of energy scattered as a shear wave and the red line is the energy
scattered as a longitudinal wave. (b) Similar results found in the literature are
shown for comparison.
between any pair of sub-bottom layers. The coefficients in this section are those
presented by Brekhovskikh [34]. These expressions were coded by the author
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using MATLAB, and the results are utilized to solve the vector RT equation in
[3.10].
4.2.1 Plane wave reflection coefficients for a fluid-solid interface
Reflection and transmission coefficients for elastic media must account for the
polarization of the incident, reflected and transmitted waves. In liquid media,
only longitudinal waves are supported, while in solid media, longitudinal, shear
vertical and shear horizontal polarizations can propagate. Figure 4.2 (a) shows
an incident longitudinal wave from the fluid medium that results in a reflected
longitudinal wave, and transmitted shear vertical and longitudinal waves (the
transmitted shear horizontal wave is always zero). The transmitted waves are
refracted into angles that obey Snell’s law (4.7):
sin θL0
cL0
=
sin θL1
cL1
=
sin θy1
cT1
. (4.7)
Since the reflection and transmission coefficients depend on the interface as
well as in the polarization of the incident wave, a new nomenclature of the form
T abcd andR
ab
cd is now introduced. The super index indicates the transformation from
polarization a into b, and the subindex indicates the boundary between layers c
and d, where c is the layer corresponding to the excitation. Expressions for the
reflection and transmission coefficients for the cases illustrated in Fig. 4.2 can be
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Figure 4.2: (a) A longitudinal wave in fluid media impinges upon a fluid-sediment
interface, producing a reflected longitudinal wave and transmitted longitudinal
and shear vertical waves; (b) A longitudinal wave in the sediment excites a lon-
gitudinal wave in the fluid and reflected longitudinal and transverse waves in the
sediment; (c) Similar to (b) for an incident shear vertical wave in the sediment.
In all cases, the refracted angles are defined by Snell’s law stated in (4.7).
found in the literature [34]. For a L wave incident from the fluid (Fig. 4.2(a)),
RLL01 =
ZL1 cos
2 2θy1 + ZT1 sin
2 2θy1 − ZL0
ZL1 cos2 2θ
y
1 + ZT0 sin
2 2θy1 + ZL0
;
TLL01 =
ρ0
ρ1
2ZL1 cos 2θ
y
1
ZL1 cos2 2θ
y
1 + Zy1 sin
2 2θyy + ZL0
;
TLy01 = −
ρ0
ρ1
2Zy1 sin 2θ
y
1
ZL1 cos2 2θ
y
1 + Zy1 sin
2 2θy1 + ZL0
.
(4.8)
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If the L wave is incident from the sediment (Fig. 4.2(b)):
RLL10 =
ZL0 + Zy1 sin
2 2θy1 − ZL1 cos
2 2θy1
ZL0 + Z1y sin
2 2θy1 + Zy1 cos
2 2θy1
;
RLy10 =
(
cT1
cL1
)2
sin 2θL1
cos 2θy1
(
1−RLL10
)
;
TLL10 =
cL0 cos θ
L
1
cL1 cos θL0 cos
2 2θy1
(
1−RLL10
)
.
(4.9)
For an incident shear vertical wave in the sediment (Fig. 4.2(c)):
Ryy10 = −
ZL0 + ZL1 cos
2 2θy1 − Zy1 sin
2 2θy1
ZL0 + ZL1 cos2 2θ
y
1 + Zy1 sin
2 2θy1
;
RyL10 = −
(
cL1
cT1
)2
cos 2θy1
sin 2θL1
(1 +Ryy10) ;
T yL10 =
tan 2θL0
2 sin2 θy1
(1 +Ryy10) .
(4.10)
Finally, a shear horizontal wave in the sediment will be totally reflected, which
results in Rxx10 = 1 and R
xL
10 = R
xy
10 = T
xL
10 = 0.
The coefficients presented in this section for a fluid-sediment interface are
written in terms of plane waves, but those coefficients must be adjusted when
working with the specific intensity[14, 21]. A summary of the relation between
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plane wave coefficients, power coefficients (indicated by )˜ and specific intensity
coefficients (indicated by )ˆ according to [14] is given in table 4.1.
Table 4.1: Power (˜) and Specific Intensity (ˆ) reflection/transmission coefficients
for the fluid-elastic interface.
Incident Power coefficient Specific intensity
L (fluid)
R˜LL01 = |R
LL
01 |
2 RˆLL01 = |R
LL
01 |
2
T˜LL01 = |T
LL
01 |
2 ρ1 tan θ
L
0
ρ0 tan θL1
TˆLL01 = |T
LL
01 |
2 c
2
L1
c2L0
T˜Ly01 = |T
Ly
01 |
2 ρ1 tan θ
L
0
ρ0 tan θ
y
1
TˆLy01 = |T
Ly
01 |
2 c
2
T1
c2L0
L (sediment)
R˜LL10 = |R
LL
10 |
2 RˆLL10 = |R
LL
10 |
2
T˜LL10 = |T
LL
10 |
2 ρ0 tan θ
L
1
ρ1 tan θL0
TˆLL10 = |T
LL
10 |
2 c
2
L0
c2L1
R˜Ly10 = |R
Ly
10 |
2 tan θ
L
1
tan θy
1
RˆLy10 = |R
Ly
10 |
2 c
2
T1
c2L1
y (sediment)
R˜yy10 = |R
yy
10 |
2 Rˆyy10 = |R
yy
10 |
2
T˜ yL10 = |T
yL
10 |
2 ρ0 tan θ
y
1
ρ1 tan θL0
Tˆ yL10 = |T
yL
10 |
2 c
2
L0
c2T1
R˜yL10 = |R
yL
10 |
2 tan θ
y
1
tan θL
1
RˆyL10 = |R
yL
10 |
2 c
2
L1
c2T1
A simulation of the power coefficients can help to illustrate the relation be-
tween the incident and excited waves. Figure 4.3(a) shows an example of the
reflection/transmission coefficients for the case illustrated in Fig. 4.2 (a). The
simulation corresponds to cL0 = 557m/s, ρ0 = 664 kg/m
3, cL1 = 1670 m/s,
ρ1 = 1992 kg/m
3 and cT1 varying from 928 m/s to 1044 m/s, and it matches with
published results [34] shown in Fig. 4.3(b).
4.2.2 Plane wave reflection coefficients for a solid-solid interface
In this work, sub-bottom layers are modeled as elastic media in which all
polarizations (longitudinal, shear vertical and shear horizontal) are supported
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Figure 4.3: (a) Example of the computation of (4.8) for cL0 = 557 m/s, ρ0 =
664 kg/m3, cL1 = 1670 m/s, ρ1 = 1992 kg/m
3 and cT1 varying from 928 m/s to
1044 m/s; (b) Similar results can be found in the literature.
in both sides of an interface. Figure 4.4 shows the possible combinations of
incident/reflected/transmitted waves for an elastic-elastic interface. Snell’s law
can now be written as
sin θL1
cL1
=
sin θy1
cT1
=
sin θL2
cL2
=
sin θy2
cT2
. (4.11)
The reflection and transmission coefficients for the three cases in Fig. 4.4 can
be found in the literature [34]. For an incident shear horizontal wave there is
no cross-polarization, so the transmission and reflection coefficients Rxx12 and T
xx
12
completely describe this interaction.
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Figure 4.4: (a) A longitudinal wave in elastic media impinges upon a sediment-
sediment interface, producing transmitted/reflected longitudinal and shear verti-
cal waves; (b) Same as (a) for an incident shear vertical wave; (c) Shear horizontal
waves only excite transmitted/reflected waves with the same polarization. In all
cases, the refracted angles are defined by Snell’s law stated in (4.11).
4.3 Solution of the steady-state RT equation
The solution method presented in section 3.2.4 for the RT vector equation
including multiple scattering was implemented in MATLAB. In this section, sim-
ulated results of the specific intensity propagating through random media are
presented and compared to results published by Turner et al [13].
Figure 4.5 shows a diagram of the simulated environment, which consists of an
infinite half space (τd → ∞) with cL0 = cL1 = 2000 m/s, cT0 = cT1 = 1000 m/s,
η = 2.6e14 scatterers/m3, f = 318.3 kHz, a = 0.5 µm and ρ0 = ρ1 = 1000 kg/m
3.
The specific intensity Id(µ, φ, τ) can be computed at the surface of the layer
containing scatterers (Fig. 4.5(a)) or at any arbitrary depth z1 into the media
(Fig. 4.5(b)) as a function of the angle θ.
For these simulations, the excitation is a fixed source located at z < 0 with
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Figure 4.5: Measurement of the diffuse intensity as a function of angle θ in an
infinite half space at z = 0 m (a) and at z = z1 m (b).
longitudinal polarization and φo = 0 and θo = 0 (normal incidence). Since the
acoustic impedance of layer 1 and layer 2 are the same, there are no internal
reflection of energy at the boundary z = 0 m. Then, the only reduced intensity
from (3.19) and (3.21) different than zero is IL1↓ri1 and (3.27) simplifies to
µ
∂Id(µ, φ, τ)
∂τ
= −σ˜Id(µ, φ, τ)+
1
4πκT
[∫ 1
−1
∫ 2π
0
P(µ, φ;µ
′
, φ
′
)Id(µ
′
, φ
′
, τ)dµ
′
dφ
′
]
+SL1↓1 (µ, φ)e
−
σ˜Lτ
µ
L1
1 ;
(4.12)
with the boundary conditions
Id(µ > 0, φ, τ = 0) = 0;
Id(µ < 0, φ, τ →∞) = 0.
(4.13)
One of the main advantages of the RT formulation is that the results can be
easily related to physical phenomena, and this provides a better understanding
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of the nature of the problem, as illustrated with the following simulations.
4.3.1 Dependency of the steady state solution on the absorption
As mentioned before, the total cross section σt = κs + ν is the summation of
scattering (which is a re-distribution of energy) and absorption (which is actual
loss of mechanical energy when it is transformed into heat). Figure 4.6 (a) and
(b) show the value of the specific intensities IdL(0 < µ < −1, φ = 0, τ = 0),
Idx(0 < µ < −1, φ = 0, τ = 0) and Idy(0 < µ < −1, φ = 0, τ = 0), measured at
z = 0 for angles π/2 < θ < π. In each case, the single scattering solution (i.e.
the solution of (4.12) ignoring the double integral) is shown in dashed lines for
comparison with the full solution, in solid lines.
Figure 4.6 (a) corresponds to normalized absorptions 3 of ν˜T = 0.111 and
ν˜L = 0.0555 (low absorption) while Fig. 4.6 (b) corresponds to ν˜T = 4 and
ν˜L = 2(high absorption). In both cases, the results obtained by using the NEAR-
Lab implemented routine are compared to the results by Turner et al [13]. In this
figure, solid lines correspond to the full solution of the RT equation, while dashed
lines are the single scattering solutions (i.e. the solutions obtained by ignoring
the double integral in (3.10)).
By comparing the low and high absorption simulations, two conclusions can
be made:
3Similar to (3.11), the normalized absorption is defined as ν˜L = νL/κT and ν˜T = νT /κT
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1. The magnitude of the specific intensity is higher for the low absorption case,
as expected. For example, the peak of the longitudinal specific intensity has
a magnitude of 0.4 for the low absorption case, and it decreases to 0.055 in
the high absorption case.
2. For high absorption, the full solutions (solid lines) converge to the single
scattering solutions (dashed lines). This behavior can be explained by con-
sidering that in lossy media a large portion of energy is lost after each
scattering event, and therefore the contribution of the multiple scattering
term is very small.
The second point is very important in applications of ocean acoustics at high
frequencies, because the acoustic attenuation of sediments is large and this would
allow ignoring the multiple scattering effect.
4.3.2 Dependency of the steady state solution on the depth
Simulations of the specific intensity at different depths into the random media
(Fig. 4.5(b)) can also be computed for 0 < θ < π, as shown in Fig. 4.7. The sim-
ulation parameters are the same as in section 4.3.1, except that the absorptions
νL and νT are set to zero. Note that the horizontal line at each depth indicates
µ = 0 (where µ was defined following (3.4)) and not the interface at z = 0.
The simulations were run at normalized depths τ = 0, τ = 0.5, τ = 1, τ = 3
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(a) NEAR-Lab results
(b) Results from Turner et al. [13]
Figure 4.6: The diffuse intensities IdL(0 < µ < −1, φ = 0, τ = 0), Idx(0 <
µ < −1, φ = 0, τ = 0) and Idy(0 < µ < −1, φ = 0, τ = 0) corresponding to
the measurement depicted in Fig. 4.5(a): (a) Solution obtained at the NEAR-
Lab for low absorption (left) and high absorption (right) of ν˜T = 0.111 and
ν˜L = 0.0555, respectively. In both cases, the single scattering solution (dashed
lines) is shown for comparison with the full solution (solid lines); (b) Results
found in the literature for comparison.
and τ = 5. When τ = 0, due to the BC in (4.13), the downward diffuse intensities
are zero for 0 < θ < π/2. Physically, this can be explained by remembering that
the diffuse intensity can only be generated as the result of the interaction between
coherent energy and the scatterers. Since there are no scatterers at z < 0, then
no diffuse intensity propagates downwards at z = 0.
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As the depth increases to τ = 0.5, some downward diffuse intensity is ob-
served, and this is due to the contributions from the scatterers located at 0 <
τ < 0.5. At large depths, when τ ≥ 5, a similar number of scatterers contribute
to the intensity from any direction 4, and this results in isotropic intensity. This
is a well known effect in scattering from random media, known as the isotropic
diffusion limit.
4.4 Solution of the transient RT equation
As mentioned in section 3.3, the time dependency of the specific intensity can
be obtained by including the term ∂I(µ, φ, τ, ξ)/∂ξ in (3.55), where ξ = ηcTκT t
is a normalized time variable. Recent research on characterization of materials
by ultrasound [15] (as well as applications of ultrafast lasers in electromagnet-
ics [24]), suggests that information about the internal structure of the random
media can be extracted from the time-dependent characteristics of the scattered
intensity. As an example, Fig.4.8 shows a simulation of the longitudinal specific
intensity IL(µ, φ, τ, ψ) when the scattering media is an infinite layer of polycrys-
talline iron (cL = 5900 m/s, cT = 3230 m/s) , and the incident energy is a short
pulse of ultrasound energy with a carrier frequency of f = 15 MHz at normal
incidence. The specific intensity as a function of time is simulated at angles
4Even though there is an infinite number of scatterers as z → ∞ in Fig. 4.5, only the ones
close to the measurement point contribute to the scattering. This is due to the fact that the
specific intensity attenuates as e−τ .
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τ = 0
τ = 0.5
τ = 1
τ = 3
τ = 5
(a) NEAR-Lab results (b) Results from Turner et al. [35]
Figure 4.7: (a) Depth dependency of the diffuse intensities IdL(µ, φ = 0, τ) (blue),
Idx(µ, φ = 0, τ) (black) and Idy(µ, φ = 0, τ) (red) corresponding to the measure-
ment depicted in Fig. 4.5(b) at five depths: τ = 0, τ = 0.5, τ = 1, τ = 3 and
τ = 5. The horizontal line at each depth indicates µ = 0. (b) Results found in
the literature for comparison.
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θ = 0o (blue), θ = 49o (red) and θ = 76o (black), and the author proposed [15]
that information about the directivity of the random media (i.e. if the media is
isotropic, or if the media tends to scatter energy in the forward direction) can be
obtained from the time difference between the maximum of the specific intensity
at each angle.
In geoacoustic inversion, the time domain solutions of the scattered intensity
can be used to invert for the total attenuation (due to background+scattering) of
the sediment, by utilizing a broadband chirp with a known envelope as a probe
and analyzing the change in the shape of such an envelope[36]. The potential for
this kind of analysis motivated the implementation of the time domain solution
in the proposed RT model for seabed scattering. Simulations of transient RT
solutions with realistic parameters for the seabed will be presented in section 7.
4.5 Conclusion
In this section, numerical examples for each of the main computational mod-
ules of the RT model were presented and compared to published results, and
some insight into the re-distribution of energy between the three polarization
components supported by elastic media was provided. This partition of energy
into longitudinal, shear vertical and shear horizontal polarizations can take place
at the interfaces between layers, or at the boundaries of the scatterers. Finally,
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Figure 4.8: (a) Example of the structure information that can be obtained from
time domain solutions of the RT equation. In this simulation, the specific inten-
sity as a function of time is simulated at angles θ = 0o (blue), θ = 49o (red) and
θ = 76o (black). (b) Results found in the literature are shown for comparison.
results of the steady-state and transient RT formulation obtained by Turner et
al [13] for infinite halfspaces were obtained as a limiting case of the finite layer for-
mulation presented in section 3.2. In the next sections, the RT model is compared
to experimental data obtained in a tank setup, as well as from field experiments.
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Chapter 5
Scaled tank experiments and comparison with the radiative transfer
model
In this section, the experimental work for the validation of the proposed RT
model is described. The section begins with a description of the experimental
setup and the procedure to verify the calibration of the system. Then, the method
to compute the experimental scattering cross section Υav(f, θi) is explained, fol-
lowed by the results from three experiments in which the effect of different com-
binations of scatterers, background material, and concentration is explored. In
all cases, Υav is compared to the theoretical cross section computed from the
RT model. Table 5.1 summarizes the background material and scatterers used
in each experiment. These parameters, together with the frequency-dependent
background attenuation, thickness of the slab and concentration of scatterers are
the inputs to the RT model.
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Table 5.1: Acoustic properties of the scattering media used in this work. Most of
the values for the sand background were measured in the laboratory, as detailed
in section 5.4.
Experiment 1 [37] Experiment 2 [38] Experiment 3
Material Water Aluminum Sand Aluminum Resin Glass
ρ1 (kg/m
3) 1000 2700 1710 2700 1251 2539
cL1 (m/s) 1468 6290 1676 6290 1020 5231
cT1 (m/s) 1 3260 10 3260 1 3124
5.1 Experimental setup and calibration
Scaled tank experiments were performed using ultrasound excitation sources
in the band 250 kHz to 450 kHz (with corresponding wavelengths of λ = 6 mm
and λ = 3 mm, respectively). In scattering theory, three regimes can be defined
according to the size of the scatterers (denoted as a) with respect to the wave-
length: the Rayleigh regime (λ≫ a), the Mie regime (λ ≈ a) and the Geometric
Optics regime (λ ≪ a). Since the scattering characteristics of the individual
inhomogeneities are computed from the analytical coefficients Am, Bm, am, bm,
and dm (section 4.1) and those coefficients account for the scatterer size relative
to the wavelength, the RT model must be able to make reasonable predictions in
all regimes.
The validation experiments were performed at the Northwest Electromagnet-
ics and Acoustics Research Laboratory (NEAR-Lab) in a rectangular tank of
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dimensions 5x7x3 feet shown in Fig. 5.1(a), filled with fresh water1 with a mea-
sured sound speed cL0 = 1468 m/s. The size of the tank allows time gating of the
returns coming from the sample, and the returns from the walls of the tank can be
excluded from the analysis. Figure 5.1(b) illustrates the interconnection between
the sensors, data acquisition hardware, voltage amplifier and signal conditioner
used in this series of experiments.
DAQ board 
DAQ 
system(a) (b)
Positi
oning
rail
Source
Acrylic tank
Amplifier
receiver
source
θo
θi
Linear chirp
Data (5 MS/s)
Water
Substrate
Figure 5.1: (a) Photograph of the equipment available to perform ultrasound
scattering experiments, including a 5x7x3 feet tall acrylic tank, aluminum rail
for sensor positioning, amplifiers and a PCI 6110 DAQ board; (b) Diagram of the
connection of the hardware elements used in this series of experiments.
A multipurpose Data Acquisition (DAQ) board PCI-6110 (National Instru-
ments) with 2 analog output channels (4 MS/s, 16 bit resolution) and 4 simul-
taneously sampled input channels (5 MS/s, 12 bit) was used to transmit the
excitation pulse and to record the signal scattered by the random media. The
acquisition was controlled by a graphic user interface programmed in Labview
1The levels of salinity found in field experiments can be included in the model by adjusting
the sound speed in the fluid layer to higher values around 1520 m/s.
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by the author. The excitation was amplified to ±20 volts by a power amplifier
Krohn-Hite 7500, driving a piston shaped projector (Panametrics A391S) used
as the acoustic source. The receiver was a TC4038 omni directional hydrophone
(Reson) with a flat frequency response in the frequency band of operation. Before
digitalization, the received signal was amplified by 50 dB using a VP2000 pream-
plifier (Reson). The source and the receiver were fixed to a rigid arm, driven by
a rotary stage (Vemex B4836TS) that varied the angle of incidence θi.
The angle- and frequency-dependent volume scattering was measured by trans-
mitting linear chirps with duration of 18 ms in the frequency band of 250 kHz
to 450 kHz, and pulse compression was used to obtain time resolution and dis-
tinguish the returns from the scattering media, the walls of the tank and other
supporting structures. In all cases, both the incident and scattered pulses were
recorded at the hydrophone and compensated for spherical spreading using the
lengths L and R indicated in Fig. 3.12(b).
As a preliminary step to verify the calibration of the measurement system,
scattering from a single sphere suspended in the water tank was measured and
compared to the analytical solution explained in section 4.1. Figure 5.2 shows
the results for spheres of tungsten-carbide and steel with radius a = 1.9 cm and
a = 1.03 cm, respectively. The spectrum of the scattered wave was normalized
by the spectrum of the incident wave.
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In this kind of calibrations, the most important features to match are the
location of resonance peaks as a function of the parameter ka, as well as having a
mean scattering level within a few dB units relative to the model. For example, in
Fig.5.2(a) the model predicts a mean scattering level around −40 dB, similar to
the experimental data for 20 < ka < 35. In this range, the discrepancy between
measured and simulated scattering is less than 2.2 dB except at points where the
model predicts deep nulls, which are typically “filled” by noise in experimental
data. The location of those nulls at ka = 19.6, 22.4, 25.1, 27.9, 30.82 and 33.9 is
clearly observed in the experimental and simulated data. Due to the frequency
response of the transducers and amplifiers, the power of the transmitted pulse
is reduced for ka < 20 and ka > 35, leading to edge effects after normalizing
the scattered pulse by the incident pulse. This explains the higher discrepancies
between experiment and model observed at these intervals of ka.
The calibration using the tungsten carbide sphere is a best case scenario,
due to the large size of the sphere and strong acoustic contrast of this material
which favors signal-to-noise ratio in the measurements. In addition, the rigidity of
tungsten carbide reduces the number of resonances as compared to other spheres
of similar size, providing experimental data with less complicated features and
easier to match with the model. In contrast, Fig.5.2(b) shows the case of the much
smaller steel sphere, for which lower levels of scattering are obtained. Despite
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(a) Backscattering of a tungsten carbide sphere; a=1.9 cm
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(b) Backscattering of a Steel sphere; a=1.03 cm
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Figure 5.2: Comparison between the measured backscattered energy and the Mie
analytical solution (section 4.1) for single spheres of (a)tungsten-carbide with ra-
dius a = 1.9 cm and (b) steel with radius a = 1.03 cm. These measurements
verify the system calibration as a preliminary step to the experiments with ran-
dom media.
this, the discrepancy between model and experimental data for 12.8 < ka < 19.4
is less than 2.2 dB, and the prediction of the nulls within this range is still
accurate.
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5.2 Processing of experimental data
Referring to Fig. 3.12(b), the angle-dependent scattering from the random
medium was measured at each angle θi, with N realizations taken by laterally
shifting the slab in the ±x direction. This assures that each realization corre-
sponds to a different ensemble of scatterers. The frequency dependent backscat-
tering of the nth realization for an angle of incidence θi was computed as:
Υn(f, θi) = C
|F (wsn(t, θi))|
2
|F (win(t, θi))|
2
, (5.1)
where f is the frequency in Hz, C is a compensation factor for spherical spreading,
wsn(t, θi) and w
i
n(t, θi) are the time-gated scattered and direct arrivals, F indicates
the Fourier transform and |.| is the absolute value. Figure 5.3 in section 5.3 shows
examples of the time gating applied to the acoustic echoes from a single sphere
and an ensemble of spheres.
The estimated average backscattering Υav(f, θi) = (1/N)
∑N
n=1Υn(f, θi) and
its standard deviation are used in the next sections to compare experimental
results to simulations from the RT model.
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5.3 Experiment 1: Aluminum scatterers in water background
This experiment was performed with aluminum spheres of radius a = 0.24 cm,
suspended with nylon filament and positioned randomly at the center of a wooden
frame as shown in Fig. 5.3(a). Scattering from the supporting filaments was
negligible, as determined by preliminary measurements. This configuration has
two main advantages for testing the RT model: first, the background medium is
water, which for small propagation ranges can be assumed to be lossless. Second,
large spheres result in strong scattered waves, which favors the signal to noise
ratio of the recorded data. Examples of the measured time domain signals after
pulse compression are shown in Fig. 5.3(b), corresponding to a single sphere and
to an ensemble of spheres. In both cases, the scattered pulse can be time gated
to extract wsn(t, θi), used in (5.1) to estimate the scattering cross section.
The method for positioning the scatterers allowed variation of the fractional
volume step by step, starting from a single sphere up to fractional volumes of 0.9
% and 2.7 %. For this experiment only normal incidence measurements (θi = 0)
were considered. From Fig. 3.12(b), the relative location of the source, receiver
and slab are L = 18 cm and R = 36 cm, which results in an illuminated patch
of area dA = 0.028 m2 given the radiation pattern of the source. This value is
required as an input to the RT model, as explained in section 3.5.
Figure 5.4 shows the scattering measured from a single sphere compared to
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Figure 5.3: (a) Photograph of an ensemble of aluminum spheres suspended with
nylon filament in the center of a wooden frame; (b) Example of time domain
realizations of the scattered signal from a single sphere and from the ensemble
of spheres corresponding to a fractional volume FV = 2.7 %. The dashed boxes
indicate the time gating used to define wsn(t, θi) in (5.1).
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the theory (section 4.1). The measured scattering cross section Υav(f, θi = 0) is
also shown in the frequency band 280 kHz to 340 kHz with fractional volume as
a parameter. In all cases, the backscattering levels computed with the RT model
as in (3.72) are shown as dashed lines and they resemble the experimental results.
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Figure 5.4: Comparison of the measured backscattering Υav(f, θi = 0) (solid
lines), with computations from the RT model for an ensemble of aluminum
spheres, with fractional volume (FV) as a parameter. For reference, experimental
and theoretical scattering from a single sphere are also shown.
The experiment presented in this section evaluates the performance of the
RT model for varying frequency and fractional volume. Nevertheless, more strict
tests are warranted in which other phenomena such as a frequency-dependent
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background attenuation and the effect of energy reflection at the slab-water in-
terface are included, which is the subject of the following experiments.
5.4 Experiment 2: Aluminum scatterers in sand background
The next level of complexity in these series of experiments was the addition
of a background material to hold the aluminum spheres. In this experiment, a
box with dimensions 60x60x12 cm was submerged in the water and filled with
fine sand, with a grain size between 200 µm and 400 µm. The sand was not
centrifuged, so the presence of trapped air bubbles was expected. The fractional
volume for this experiment was kept constant at FV = 5%.
5.4.1 Characterization of the sand
Reasonable values for the acoustic parameters of the sand could be found in
tables, classified according to grain size[8]. Nevertheless, in order to increase the
accuracy some of those parameters where measured in the laboratory prior to the
inclusion of scatterers. The procedure to invert the acoustic parameters of the
sand substrate can be summarized as follows:
1. Based on the grain size, the longitudinal and shear sound speeds of the
sediment are assigned as cL1 = 1676 m/s and cT1 = 120 m/s, according to
Jackson et al [8].
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2. A broadband pulse at normal incidence was transmitted, and the incident
and scattered waves were recorded, as shown in Fig. 5.5(a). Three peaks
can be distinguished: the one corresponding to the incident pulse (labeled
Io), the energy reflected from the water-sand interface (I1), and the pulse
reflected from the bottom of the tank (I2). Note in Fig. 5.5(b) that a small
amount of volume scattering can be observed coming from the sand. This
will be used to compensate the measured volume scattering in section 5.4.2.
3. The ratio I1/Io yields the bottom loss, defined as BL = −20 log (|R01|),
whereR01 is the plane wave reflection coefficient in section 4.2. For cT1/cL1 ≪
1, R01 ≈ (cL1ρ1 − cL0ρ0) / (cL1ρ1 + cL0ρ0) where cL0 and ρ0 are the (known)
speed of sound and the density of fresh water. Then, the density ρ1 of the
water-saturated sand can be estimated. Note that since the sand is not
a perfectly flat surface, R01 was actually estimated as an average over 70
realizations, where each realization consisted of shifting the source/receiver
to slightly different positions over the sand.
4. The final step is to measure the frequency-dependent attenuation of the
sand, αL1, which is related to I2 and Io as:
I2 =
(
1− |R01|
2
)2
R12e
−4αL1zdIo, (5.2)
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where R12 is the reflection coefficient at the bottom of the water tank.
5. Figure 5.6 shows a plot of ln(I2/Io)(1/(4zd)), where the frequency-dependent
attenuation was estimated by a linear fit as
αL ≈ 0.016fkHz + 4 (Np/m). (5.3)
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Figure 5.5: (a) Scattering of a broadband pulse from the sand slab, showing the
incident pulse (Io) and energy reflected from the water-sand interface (I1) and
from the bottom of the tank (I2). The graph shows the envelope of the scattered
pulse after performing pulse compression. The vertical axis is given in units of
distance, with the zero lined up to I1; (b) Zoom-in of (a), where scattering from
the sand can be observed.
The inversion of geoacoustic parameters for the sand substrate was carried
out to increase the accuracy of the input values provided to the RT model in
the next section. All the estimated values are of similar order to the ones found
in the literature [8] for sediments of similar grain size2, and small variations
2See for example the geoacoustic properties of sites MonPT and SG98-10 in table 5.1 of
Jackson et al. [8], measured at a frequency of 400 kHz.
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Figure 5.6: Estimation of the frequency-dependent attenuation of the sand slab
as ln[I2/Io](1/(4zd)), showing the measured value (solid line) and the linear fit
(dotted line) in (5.3).
in the background sound speed or the density does not have strong impact on
the estimated volume scattering, as long as the product cL1ρ1 which controls
the reflection coefficient in the sediment-water interface is kept constant to the
measured value. The results are also sensitive to the background attenuation,
because this parameter controls the amount of power incident at the layer of
scatterers, as well as the strength of multiple scattering effects. The performed
measurements provide an estimate of the attenuation in the full frequency band
of interest. This estimate is a more appropriate choice than using values taken
from tables based on grain size, because the direct measurement also accounts
for the (potential) effect of trapped air bubbles.
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5.4.2 Measurements of volume scattering
Once the acoustic parameters of the sediment were determined, the scatterers
were positioned within the sand. To this end, aluminum spheres with radius
a = 2.4 mm were deposited on top of the sand layer as shown in Fig.5.7(a), and
then each scatterer was pushed into the sediment to end up with the configuration
shown in Fig.5.7(b). The scatterers are located at depths between 1 cm and 7
cm in the slab. The purpose of leaving a gap of 1 cm is to separate the volume
scattering from the return of the sediment interface.
The amplitude of the energy scattered by the aluminum spheres can be seen
to the left of Fig. 5.7(b), with a maximum at around 3 cm depth and significantly
higher than the volume scattering from the sand background (measured prior to
the deposition of aluminum scatterers).
With the spheres in the sediment, volume scattering at normal incidence (θi =
0o) was measured by taking 70 realizations and processing the data as described
in section 5.2 to compute the average scattering cross section Υav(f, θi), which
is shown in Fig.5.8(a). Since the processing requires the spectral normalization
in (5.1) as well as compensation for spherical spreading by the factor C, it is
convenient to begin the experiment by measuring the energy reflected from a
rigid reflector, which is known to yield a flat response of 0 dB at all frequencies.
To this end, an aluminum plate (15x15 cm) was temporary placed on top of
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(a)
(b)
Figure 5.7: (a) Aluminum spheres of radius a = 2.4 mm deposited on top of the
sand layer. The spheres were pushed within the sand to obtain the configuration
shown in (b); (b) Setup for experiment 2, with scatterers located at depths be-
tween 1 cm to 7 cm. The amplitude of the scattered energy can be seen to the
left, and it exhibits a maximum around 3 cm depth.
the sediment, and the measured reflected energy is shown in Fig.5.8(a). This
preliminary measurement confirms that no artifacts are being introduced by doing
the spectral normalization, and also verifies the correct value of the compensation
factor C. Figure 5.8(a) also shows the energy reflected from the sediment-water
interface (average over 70 realizations). The average over realizations reduces the
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effect of the rough surface, and it yields a frequency response that resembles the
scattering from a flat surface with a reflection coefficient R = 0.32, in agreement
with the parameters in Table 5.1.
Figure 5.8(a) also shows the simulated scattering cross section according to
(3.72), and it is evident that there is an offset between the RT simulation and the
experimental measurements. To explain this effect, it is observed that the sand
background also contributes to scattering, and therefore it must be subtracted
from the total cross section. This compensated cross section Υcomp(f, θi = 0) was
computed as:
Υcomp(f, θi) =
1
N
70∑
n=1
Υn(f, θi = 0)−
1
N
70∑
n=1
Υsandn (f, θi = 0); (5.4)
where Υsandn (f, θi = 0) is the n
th realization of the scattering cross section due
only to the sand, measured prior to the positioning of the aluminum spheres in
the sediment. Υcomp(f, θi = 0) is shown in Figure 5.8(b), and it provides a better
match with the RT model.
The experimental results in Fig. 5.8 show that the RT model performs well
when modeling complex media in which background attenuation and reflective
boundaries are involved. In this example, the average over realizations was re-
quired not only to obtain the expected value of the cross section (which is the aim
of radiative transfer), but also to mitigate the effect of the rough water-sediment
104
  
PSfrag
(a)
Υav(f, θi = 0)
Υ(f, θi = 0) (RT model)
Water-sediment
Aluminum plate
300 350 400 450
0
−20
−40
−60
B
ac
k
sc
at
te
ri
n
g
(d
B
)
Frequency(kHz)
 
 
(b)
Υcomp(f, θi = 0)
Υ(f, θi = 0) (RT model)
Water-sediment
Aluminum plate
300 350 400 450
0
−20
−40
−60
B
ac
k
sc
at
te
ri
n
g
(d
B
)
Frequency(kHz)
Figure 5.8: (a) Volume scattering from the aluminum spheres and the sand com-
pared to the RT model. The offset between the experimental data and the model
is due to scattering from the sand itself. This figure also shows scattering from
a rigid aluminum reflector, as well as the energy reflected by the sediment-water
interface; (b) Same as (a), but the volume scattering is compensated as indicated
in (5.4).
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interface. The experimental measurement captured one of the sharp resonances
predicted by the model(around 376 kHz) but missed the strongest resonance at
407 kHz. The explanation for this could be due to the sand acting as a dense
scattering medium and introducing frequency-dependent effects not accounted for
in the RT model, which assumes homogeneous media. Scattering due to discrete
grains of sand has been reported in the literature [4]. A more certain explana-
tion for the observed phenomenon would require repeating the experiment with
centrifuged and finer sand or clay, to minimize the presence of air bubbles and
the volume scattering from the background media.
5.5 Experiment 3: Glass scatterers in resin background
A more challenging scenario to test the RT model was achieved by using a
slab with smaller scatterers in the Mie regime and at a higher fractional volume.
In this experiment, a lossy polyurethane slab (provided by the Laboratory of
Mechanics and Acoustics, CNRS/LMA, France) with embedded glass beads was
utilized. The background material has an acoustic impedance close to fresh water,
with a lower compressional sound speed and a higher density. This results in
the absence of a critical angle and favors energy penetration at all angles of
incidence. The slab does not support shear propagation, which is automatically
accounted for in the RT model by setting the shear sound speed to a small value
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of 1 m/s. The scattering material was manufactured to minimize the presence of
air bubbles, as corroborated by X-ray studies [38].
The slab contains a uniform distribution of glass beads of 1 mm diameter,
with a fractional volume of 10 %. This model has been utilized in the past for
similar measurements [38] at a frequency of 500 kHz, and its acoustic properties
have been well characterized and are summarized in table 5.1.
In this experiment, L = 25 cm, R = 15 cm (see Fig. 3.12(b)), and the angle of
incidence θi was varied from 0
o to 75o in 5o steps. The angle-dependent scattering
from the slab was measured as follows: at each angle θi, N = 30 realizations were
taken by laterally shifting the slab in the ±x direction.
Fig. 5.9(a) shows pulse-compressed realizations corresponding to two scatter-
ing angles. At normal incidence (θ = 0o), the scattered energy includes both
the specular reflection from the water-slab interface and the contribution from
the scatterers, while at θ = 10o the return is due only to volume scattering.
Figure 5.9(b) shows the corresponding Υav(f, θ), with thinner solid lines that
indicate ± 1 standard deviation. As in experiment 2 (aluminum scatterers in
sand background), the scattering from a reference plate is shown to have a flat
frequency response around 0 dB, which rules out the insertion of artifacts during
data processing.
The large standard deviation and frequency dependent variability of the mean
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observed in Fig. 5.9(b) required further analysis. It is roughly ±5 dB and it was
present at all scattering angles. It is important to note that due to the small size
of the slab, measurements at shallow angles were affected by edge effects of the
slab as well as by scattering from the supporting structure depicted in Fig. 5.1(a),
located within the tank and used to hold the slab in position. To estimate the
effect of this structure, measurements were taken without the slab at all angles,
and this revealed that significant contamination of the data occurred for θ > 40o.
This was evident from the data, which presented increasing standard deviations
at larger angles of incidence.
For the case of θ < 40o, the standard deviation of around 5 dB has also been
observed in experimental and simulated data at 500 kHz. At this frequency,
scattering from the same material was studied by Canepa et al [38] using a time
domain model that generates realizations of the ensemble of scatterers at each
incident angle, and the simulated data exhibits similar behavior. This suggests
that the variability observed in the experimental data is caused by frequency
dependent characteristics of the ensemble of glass beads rather than experimental
uncertainty. This also indicates that Υav(f, θi) can be smoothed by incorporating
more realizations.
Fig. 5.10 shows volume scattering measured at 300 kHz and 400 kHz (solid
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lines). The mean value of the backscattered data, Υav(f, θ), exhibits angle-
dependent variations and behavior similar to the measurements at 500 kHz [38],
and due to the large variability noted before, it is not possible to make a clear
distinction between the scattering at different frequencies. Fig. 5.10 also shows
dashed lines with simulations at 300, 400 and 500 kHz using the steady state RT
model. At 500 kHz, previous work has concluded that αL = 80 Np/m is a rea-
sonable value for the attenuation of the resin matrix. Using this value in the RT
model results in scattering levels comparable to those previously reported [38].
The background attenuation at lower frequencies was not measured for this ma-
terial, and it was used as a free parameter in the RT simulations since direct
measurements are not possible due to the thickness of the slab. At 300 kHz and
400 kHz, attenuation coefficients of 50 Np/m and 65 Np/m respectively yield a
good fit of the model to the mean value of the experimental data.
An alternative for estimation of the background attenuation is by running
time domain simulations of backscattering [38] with attenuation as a parameter,
with the goal of matching the shape of the scattered waveform to experimental
measurements. The possibility of using this technique, as well as the simulation of
short excitation pulses motivates the ongoing study of the transient RT equation.
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5.6 Conclusion
Measurements of the scattering cross section from random media were con-
ducted in a tank setup in the geometrical optic and Mie regimes. The relevant
acoustic parameters of the laboratory models were either obtained from the lit-
erature or measured at the NEAR-Lab. These parameters summarized in table
5.1 provide the input to the RT model, which was able to match the experimen-
tal scattering cross sections. The level of complexity of the random media was
gradually increased, from a slab with no reflective boundaries and no background
attenuation (experiment 1), to a slab with reflective boundaries, frequency de-
pendent background attenuation and small scatterers (experiment 3). It has been
shown that the proposed RT model is able to support:
1. Random media with scatterers in the Mie and geometrical optic regime.
2. Reflective elastic boundary conditions.
3. Different concentrations of scatterers, with fractional volumes ranging from
0.9% to 10% 3.
4. The effect of frequency-dependent background attenuation.
3Fractional volumes of 10% normally require the use of the Dense Media Radiative Transfer
(DMRT) formulation to account for strong multiple scattering. Nevertheless, in the case of
experiment 3 the background attenuation has the effect of reducing multiple scattering, which
allowed application of the model without modification.
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To end this section, it is worth to provide an idea on how the experimental
models used in these experiments would scale to the the lower frequencies nor-
mally used in field experiments performed in the ocean. Table 5.2 shows this
relation for experiments 2 and 3, providing the equivalent size of the scatterers
at frequencies of f = 40 kHz and f = 12 kHz.
Table 5.2: Examples of scaling of the performed tank experiments to field exper-
iments. The center frequency of the tank experiments is 350 kHz, corresponding
to a wavelength of 4.3 mm.
Experiment 2 Experiment 3
(Sand+aluminum) (Resin+glass)
Scatterer radius (cm) 0.24 0.05
Scatterer radius (wavelengths) 0.56 0.12
Scaled frequency (kHz) 40 12
Scaled scatterer (cm) 2.1 1.46
The typical frequency range used in field experiments for chirp surveys like
the one shown in Fig. 1.2 (a) is between 6 kHz and 12 kHz and similarly, other
field experiments have been carried out at frequencies of 40 kHz [39]. At these
frequencies, the size of the scaled scatterers in Table 5.2 is of similar order to
the size of shells and rocks normally found in the seabed sediment[1, 2, 3, 4], as
observed from the core sample in Fig. 1.2 (b). Therefore, except for the back-
ground attenuation (which could not be scaled), the tank experiments presented
here correspond to realistic conditions of field experiments.
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Figure 5.9: (a) Example of two realizations of the backscattered signal after pulse
compression, for θ = 0o and θ = 10o. The waveforms are normalized to the peak
value of the direct blast. (b) Υav(f, θi) for the two incident angles in (a), with thin
solid lines indicating ±1 standard deviation around the mean of 30 realizations.
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Figure 5.10: Comparison of the measured backscattering, Υav(f, θ) (solid lines),
with computations from the RT model at 300 kHz and 400 kHz (dashed lines).
Computation of backscattering at 500 kHz is also shown (black, dashed line) for
comparison to previous experimental work using this slab (see text for details).
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Chapter 6
Comparison of the model to field experimental data
The ultimate goal of this research is the application of the RT model to under-
stand acoustic propagation in real seabed sediments. The validation experiments
presented in section 5 provided insight into the capabilities of the RT model to
accommodate a wide range of experimental conditions, and the task now is to
extend this analysis to field experimental data. An example of volume scattering
due to discrete scatterers in the seabed can be found in environments with strong
biological activity, in which methane gas is trapped in the sediment. Fleischer
et al [40] have identified over 100 shallow water sites containing gas-saturated
sediments worldwide, and they have discussed the importance of conducting sys-
tematic research on the subject.
In this section, the RT formulation is used to model scattering from a sediment
layer containing gas bubbles. The acoustic experiment was conducted in 1993
[39], and sediment (core) samples were extracted to determine gas content and
structure of the sediment. The experiment setup is described in the next section,
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followed by application of the RT model.
6.1 The Eckernfoerde Bay experiment
In 1993 a series of experiments was conducted to measure acoustic scattering
from a silty clay area in the Eckernfoerde Bay, Germany [39]. Other research in
this area included the extraction of core samples of the sediment, which deter-
mined the presence of gas bubbles, and these discrete scatterers were responsible
for most of the volume scattering measured in this region. The experiment can
be summarized as follows: a 5 m tall tower was placed on top of the sediment, as
shown in Fig. 6.1(a). The tower supported a transmitter and receivers, and nar-
row band pulses in the frequency of f = 40 kHz were transmitted to be incident
upon the sediment. The horizontal and vertical beam widths of the transmitter
are 5o and ≈ 14o, respectively, and the center of the main lobe was pointed to-
ward the sand at a depression angle of 12.5o. Due to the spherical pattern of
the transmitted waveform shown in Fig. 6.1(b), the energy hits the sediment at
angles ranging from 20o (closer to the base of the tower) to 5o. The scattered
echo from the sediment was recorded in two hydrophones on top of the tower.
By using two hydrophones, the technique known as differential phase [39] was
applied to invert for the depth of the layer containing gas bubbles and it was
found to be zd1 = 1 m. The time of flight of the transmitted pulse was utilized
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to separate the amount of scattering from different patches of ground, each one
associated with a corresponding incidence angle. In total, the illuminated area
was divided into 15 patches.
5o 20o
5o
wavefront(a)
(b)
5 m
Layer 0
Layer 1
Layer 3
20o 5o12.5o
zd1 zd2
15
segm
ents
Figure 6.1: Experimental setup for the Eckernfoerde Bay experiment: (a) 3D view
of the angle of incidence of the transmitted spherical wave as a function of range;
(b) Side view of the experiment and the structure of the seabed. It was found
experimentally that zd1 ≈ 1 m, while the thickness of the layer, zd = zd2 − zd2 is
used as a free parameter in the next section.
Table 6.1 summarizes the known parameters of the sediment for this experi-
ment, which are used as inputs to the RT model discussed in section 3.2. Other
quantities such as bubble size distribution, fractional volume and layer thickness
are used as free parameters in the next section, with high/low bounds obtained
from the core samples.
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Table 6.1: Acoustic properties of the sediment at the Eckerfoerde Bay.
Variable Value (from [39, 9])
ρ0 1000 kg/m
3
cL0 1448 m/s
ρ1=ρ2 1100 kg/m
3
cL1=cL2 1425 m/s
cT1=cT2 9 m/s
αL1=αL2 2.4 dB/m
6.2 RT model for thin and thick layers of randomly distributed scat-
terers
Referring to Fig. 6.1(b), scattering must be predicted from a four-layer model,
where the interface between layers 0 and 1 is reflective due to the water-sediment
contrast, layer 2 contains the scatterers and layer 3 is an infinite halfspace. Since
η = 0 for layer 1, the diffuse intensity is zero and the RT model predicts a decrease
in intensity due to the background attenuation αL1 given by:
IL1↓ri1 (z, µ, φ) = KL0Tˆ
LL
01 exp
[
−
αL1z
cos θ
]
δ(θ − θL11 )δ(φ− φi), (6.1)
where θL11 = sin
−1(θicL1/cL0) is the angle refracted at the water-sediment inter-
face, TˆLL01 is the transmission coefficient according to table 4.1, and KL0 is the
power density of the incident wave. IL1↓ri1 (z, µ, φ) is the excitation source in layer
2, for which the RT model is applied again to obtain the backscattered diffuse
intensity.
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The RT model can be run as shown in the previous sections, but an approx-
imation can be used to compare its results to the model presented by Tang et
al [39]. Assuming that the scattering medium has a small fractional volume (or
more accurately, that multiple scattering effects can be ignored) then the upward
single scattering solution for the RT model is written as [41]:
Id(z, µ, φ) =
µL11
µL11 − µ
P (θ, φ; θL11 , φi)
4πσL
KL0Tˆ
LL
01 exp
[
−
αL1zd1
µL11
]
[
exp
[
−ησL(z − zd1)
µL11
]
− exp
[
−ησL(zd2 − zd1)
µL11
+
ησL(zd2 − z)
µ
]]
.
(6.2)
If it is also known that the layer containing scatterers is thin so ησL(zd2 −
zd1) << 1. Then, at z = zd1 and θ = π − θ
L1
1 , (6.2) reduces to:
Id(z = zd1, µ, φ) =
1
µL11
P (π − θL11 , φ; θ
L1
1 , φi)
4π
KL0Tˆ
LL
01 exp
[
−
αL1zd1
µL11
]
η(zd2 − zd1).
(6.3)
The power at the receiver can be written as
Pr =
∫
∆Ω
Id(z = zd1, µ, φ)Tˆ
LL
01
[
−
αL1zd1
µL11
]
µL11 dΩ
P (π − θL11 , φ; θ
L1
1 , φi)
4π
KL0
[
TˆLL01 exp
[
−
αL1zd1
µL11
]]2
η(zd2 − zd1)
dA
R2
,
(6.4)
where dA is the patch illuminated by the incident acoustic pulse, ∆Ω is the angle
of observation of the receiver, and R is the distance from the center of the patch
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to the receiver, which accounts for the spherical spreading. Note that the product
η(zd2 − zd1)dA is the number of scatterers within the illuminated volume.
The backscattering strength can be obtained from 6.4 as
Υ(θi) = R
2 Pr
KL0
= η(zd2 − zd1)dA
P (π − θL11 , φ; θ
L1
1 , φi)
4π
[
TˆLL01 exp
[
−
αL1zd1
µL11
]]2
,
(6.5)
which can be interpreted as the incoherent summation of the power scattered by
each individual bubble, adjusted by the two-way sediment attenuation and by
the transmission coefficient of the sand-water sediment. This model was used by
Tang et al. [39] to explain the volume scattering measured at the Eckernfoerde
Bay, under the assumption of a thin layer of scatterers. Chu et al[9] concluded
that the bubbles in this sediment have equivalent spherical radius between 0.5
mm and 15 mm, and the equivalent surface density of scatterers was found to be
ηzd ≈ 9000 scatterers/m
2.
Core samples of the sediment from this area [42] have shown that the gas
content in this sediment is distributed in a layer of thickness zd < 0.2 m. From
the work by Tang et al [39], it was concluded that the best fit between their
model and the experimental data was achieved when the constraint
10log10
[
η(zd2 − zd1)P (π − θ
L1
1 , φ; θ
L1
1 , φi)/4π
]
= −10.8 dB; (6.6)
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is met.
In order to provide a numerical example of the application of the RT model,
it is assumed that all the bubbles are the same size1. Figure 6.2 shows the
scattering strength as a function of bubble radius, and it was found that the
values a = 3.5 mm and
P (π−θ
L1
1
,φ;θ
L1
1
,φi)
4π
= 6e−6 m2sr−1 meet the constraint in
(6.6).
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Figure 6.2: Backscattering strength vs bubble radius, for a sand background with
cL1 = 1468 m/s and ρ1 = 1100 m/s. The average size of the scatterers is obtained
from this figure by choosing a value in agreement with the constraint in (6.6).
With these values, the density of scatterers and the thickness of the layer are
found to be η = 112500 scatterers/m3 and (zd2 − zd1) = 0.08 m, respectively,
corresponding to a fractional volume of FV = 1.2%. This parameter is within
1Note that this assumption is not imposed by the RT model, but rather by the information
available in the literature about the sediment. If a better estimate of the size distribution of
the bubbles becomes available, it can be incorporated in the RT model.
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the range of concentrations measured from core samples [42].
Using the previous parameters as inputs to the RT model, simulations were
run for comparison to the experimental data and to the original single scattering
model proposed by Tang et al[39], and the results are summarized in Fig. 6.3.
Due to the low fractional volume, the RT model converged to the single scattering
solution in (6.5), and therefore it closely match the original model. Nevertheless,
the RT model is also effective in more restrictive cases when the layer contain-
ing scatterers is too thick to be represented as an equivalent surface density of
scatterers. This is also illustrated in Fig. 6.3 for zd = 0.4 m and zd = 0.8 m, in
which all the other parameters were kept constant. As the thickness of the layer
increases, the amount of backscattered energy also increases until a saturation is
reached. This saturation occurs as the incident energy coming from the water
column is attenuated by the background as well as by the scatterers closer to the
sediment-water interface, and therefore the contribution from scatterers at the
bottom of the layer is reduced.
6.3 Conclusion
In this section, simulations using the proposed RT model have been compared
to field experimental data from a region with a thin layer containing random dis-
tributions of gas bubbles. The exact value of the fractional volume, the average
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Figure 6.3: Comparison of the RT model to the experimental data collected at
the Eckernfoerde Bay and to a single scattering model proposed in the literature.
The RT model was run with a = 3.5 mm,η = 112500 scatterers/m3, FV = 1.2%,
and the sediment parameters in Table 6.1. The thickness zd = 0.08 m yielded
the best match to the experimental data. RT simulations with zd = 0.4 m and
zd = 0.8 m are also shown to illustrate the effect of saturation.
size of scatterers and the thickness of the layer were not available in the literature.
For that reason, approximate values that are in agreement with measurements
from core samples extracted from the same geographic area were found by explo-
ration of the single scattering solution as well as the scattering strength of a single
bubble. It was shown that for a thin layer or small fractional volume, the RT
model converges to the single scattering solution that has been proposed in the
past by other authors, in which an equivalent surface distribution of scatterers
was assumed.
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For more restrictive conditions in which a volume distribution of scatterers
must be utilized due to thicker layers, the RT model can be directly applied with-
out the need of adjustments. For the simulations with zd = 40 cm and zd = 80 cm,
the RT model is shown to converge to a meaningful solution that resembles the
skin depth effect of electromagnetic scattering, as well as meeting other physical
requirements such as conservation of the normal power flux. The RT model pre-
sented in this work is a first order multiple scattering formulation [21], which has
advantage over single scattering in the sense that it accounts for scattering and
attenuation of the acoustic energy as it travels to and from each scatterer, and
therefore it includes some of the multiple scattering effects.
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Chapter 7
Time domain solutions obtained by the radiative transfer method
The time-domain solution of the RT equation presented in section 3.3 is the
most recent research effort in transport theory in the electromagnetics and the
acoustics community. The appeal of the transient solution is that it allows repre-
sentation of the scattered intensity as a time series, which might carry important
information about the micro structure features of the media such as anisotropy
or extinction coefficient. The technique also provides a way to simulate more
realistic excitation signals, such as the broadband chirp pulses typically used
in underwater acoustics. The goal of this chapter is to portray the use of the
transient RT equation in a realistic environment. As a reference, an analytical
first-order approximation for the scattered intensity is introduced first, and then
compared to the solution of the transient RT equation.
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7.1 Time domain dependency of the scattered intensity: an analyti-
cal model
Without any knowledge of transport theory, an approximate solution can be
found for the scattered intensity that results when an energy pulse is incident
upon a slab containing random scatterers [21]. Figure 7.1(a) shows the general
case of a co-located source/receiver system that transmits a pulse and records
the backscattered energy from an arbitrary slab.
x
z
∆Ω
R1
R2
vi(t) vo(t)
h(t)
Figure 7.1: General geometry of a monostatic active system that transmits a
finite pulse vi(t) and receive the acoustic echo vo(t). The scattering media can be
represented as a linear system with an impulse response h(t), and an analytical
approximate solution can be obtained.
The transmitted and received signals can be represented as
vi(t) = Re
[
ui(t)e
−jωot
]
;
vo(t) = Re
[
uo(t)e
−jωot
]
;
(7.1)
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where ωo = 2πfo and ui(t) are the carrier frequency and envelope of the trans-
mitted pulse, while uo(t) is the envelope of the received field.
From the properties of linear systems and without any approximation so far,
it can be shown[21] that uo(t) is given by
uo(t) =
∫ ∞
−∞
Ui(ω)H(ω + ωo)e
−jωtdω (7.2)
where H(ω) is the Fourier transform of h(t). After removing high frequency
oscillations, the scattered intensity is I(t) = 1
2
Re [< uo(t)u
∗
o(t) >] and several
approximations are used to find a solution. Ishimaru[21] obtains the scattered
intensity when the following conditions are assumed:
1. The excitation signal consists of a short pulse of the form
vi(t) = Re
[√
FLo
To
e−iωot
]
, 0 ≤ t ≤ To ≪ (R2 −R1)/cL. (7.3)
2. The transmitter has a narrow radiation pattern where ∆Ω is small.
3. Single scattering is dominant, so the transfer function in the frequency
domain can be approximated by
H(ω) ≈ f(θi, π − θi, ω)
ei2kL(R1+z)
(R1 + z)2
e−ησLz, (7.4)
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where f(θi, θo, ω) was defined in (2.4) as the amplitude of the wave scattered
by a single scatterer, and ω has been included as an argument to emphasize
its dependency on the carrier frequency.
When R1 ≫ R2 −R1, the scattered intensity can be written as
I(t) ≈
η|f(θi, π − θi, ωo)|
2
R21
cL1
2
e−ησLcL1t,
2R1
cL1
+ To ≤ t ≤
2R2
cL1
.
(7.5)
The backscattered intensity in (7.5) has been obtained from arguments based
on the wave equation, and it will be compared to the transient RT equation.
7.2 Impulse response of a finite layer obtained from the transient RT
equation
As a numerical example of the solution of the transient RT equation, the
parameters in table 7.1 are used to compute the backscattered intensity. In this
example, the scatterers are air bubbles of radius a = 2.1 mm with longitudinal
scattering cross section of κL = 5.6e
−5 m2.
The transient RT equation in (3.57) was computed for a maximum outer
frequency of Θmax = 22000 rad/s with a step size of 300 rad/s, and the results
are shown in Fig. 7.2. The choice of outer frequency parameters have an impact
on the oscillations observed in the RT solutions, and they tend to disappear as
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Table 7.1: Acoustic properties of environment in Fig. 7.1 used to obtain solutions
to the Transient RT equation.
Variable Value
ρ0 = ρ1 = ρ2 1000 kg/m
3
cL0 = cL1 = cL2 1448 m/s
a 2.1 mm
FV 0.034 %
η 8636 scatterers/m3
R2 −R1 2 m
FL0 1 watt/m
2
Θmax increases and the step size decreases. The single scattering RT solution was
obtained by setting the double integral in (3.57) to zero, and it matches with the
analytical solution in (7.5). The sharp transition at t = 2.73 ms is caused by the
thickness of the layer, and corresponds to the two-way travel time of the energy
within the slab. The full solution includes all the terms, and the heavier tail and
smoother transition is caused by the contribution of multiple scattering events.
The transient RT equation developed in section 3.3 corresponds to short ex-
citations similar to the pulse in (7.3), which becomes an impulse when To → 0,
and the solution of the RT equation gives the impulse response of the random
medium. Field experiments with this kind of excitation are performed in seismic
exploration with explosive charges[43], and information about the sediment can
be extracted by analysis of the rate of decay of the scattered intensity[44]. In
acoustic exploration of the seabed, chirp sonars with broadband excitations are
utilized to obtain profiles like the one shown in Fig. 1.2(a). In these cases, a
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Figure 7.2: Solution of the transient RT equation (full and single scattering ap-
proximation) and comparison to the analytical solution in (7.5). The full solution
is in agreement with energy conservation and therefore it represents more accu-
rately the impulse response of the random media.
forward model of the scattered intensity is obtained by convolution of the excita-
tion envelope with the impulse response of the media[15], and it can be utilized
with methods of sediment classification based on the shape of the envelope of
the intensity[45, 46] or more sophisticated methods like the so called similarity
index [47].
A quantitative comparison between the single scattering and full solutions
can be accomplished by verifying energy relations. The power flux definitions
presented in section 3.4 also apply to the transient solutions, but notice that the
new units of the intensity are watt s−1m−2 and therefore, an integral on the time
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axis must also be carried out. Figure 7.3 shows the coherent and diffuse power
fluxes for the single scattering and the full solution at incidence angles from 0o to
80o. In lossless media, the conservation of energy can be verified by adding the
scattered normal components of the power flux leaving the layer at z = 0 m and
z = zd m, and comparing to the incident power flux. This can be expressed as:
FL1↓ri0 |z=0 = F
L1↓
ri0
|z=R2−R1 + F
L1↑
d1
|z=0 + F
L1↓
d1
|z=R2−R1 . (7.6)
This energy constraint is not met in the case of the single scattering solu-
tion shown in Fig. 7.3(a), indicating that there is a significant contribution from
multiple scattering. The results corresponding to the full solution in Fig. 7.3(b)
exhibit the same coherent intensity, but there is an increase in the upward and
downward diffuse fluxes and in this case the total scattered energy equals the
incident energy.
7.3 Conclusion
A numerical example of the transient RT formulation has been presented and
compared to an analytical model derived from wave theory for the special case
of a narrow band excitation with a high directivity and the assumption of single
scattering. The media can be regarded as a thick layer of air bubbles suspended
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Figure 7.3: Coherent and diffuse normal power fluxes at z = 0 and z = R2 − R1
for: (a) The single scattering solution of the transient RT equation and (b) The
full solution. The curve labeled as Total refers to the summation in the right
hand side of (7.6), and it must equal FL1↓ri0 |z=0 in conservative media.
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in fluid media, and the solution of the transient RT equation including multi-
ple scattering exhibits a slower decay rate as compared to the single scattering
solutions, and it is considered more accurate based on arguments of energy con-
servation. The response of the media to an incident energy impulse can be used
as a forward model for comparison to experimental data.
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Chapter 8
Conclusion and future work
8.1 Conclusion
Radiative transfer is a promising technique for research of acoustic scattering
and propagation in random media. The formulation is based on the equation of
transport, which is a statement of the law of conservation of energy as applied
to coherent energy interacting with randomly positioned scatterers. The model
has been adapted from electromagnetics into acoustics and its application as a
seabed scattering model was presented in this work for the first time.
The formulation presented in this work corresponds to the Radiative Transfer
for fully elastic media with random independent scatterers distributed in parallel
plane layers. This idealized environment is used to introduce some of the common
features supported by transport theory: elastic background media with elastic
scatterers that can be weak or strong, along with the incorporation of background
attenuation, multiple scattering and multiple layers. It is important to keep in
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mind that as suggested by applications in electromagnetic remote sensing, more
realistic environments can be handled by the RT formulation, including dense
distributions of scatterers[48, 49], smooth gradients on the sound speed and/or
density[50] and horizontally variable layered environments[51, 52], which are of
particular interest in ocean bottom scattering.
The solution of the RT equation for a finite elastic layer with spherical scat-
terers was implemented and validated, and extensions to include scatterers of
arbitrary shape can be easily incorporated. The performance of the RT model
was demonstrated using four methods:
1. Laboratory work with a variety of experimental conditions including scat-
terers in different regimes with strong acoustic contrast, broad frequency
band, lossy backgrounds with frequency-dependent attenuation, and envi-
ronments with multiple layers.
2. Further validation of the RT model was achieved by comparing to field
experimental data collected in a region where the seabed consists of three
parallel layers, one of which contains trapped gas bubbles (chapter 6).
3. In all cases, energy conservation can be demonstrated for the steady-state
and the transient solutions by setting the background attenuation to zero
(conservative case).
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4. The RT model also performed well when compared to a time-domain scat-
tering model that implements Monte Carlo realizations, developed by Canepa
et al [38], as commented in section 5.5.
The main characteristic of the proposed model is its flexibility to accommo-
date several scattering mechanisms of interest for seabed acoustics. Specifically,
the advantages of the proposed model are:
1. The RT model is not subject to some of the assumptions typically re-
quired by traditional models, such as small scatterers, small perturbation or
high frequency of operation. The tank experiments presented in chapter 5
showed that the RT model is accurate in the Mie and the Geometric Optics
regimes, and it has also been validated in the Rayleigh regime[53].
2. Due to the requirement of energy conservation, the RT model has a natural
way to incorporate all the polarizations supported by the scattering media,
and energy re-distribution from one polarization into another at the layer
boundaries or at the surface of the scatterers is implicit in the model.
3. The RT model yields the expected value of the volume scattering taken
over multiple realizations of the ensemble of scatterers. This is in contrast
to Monte Carlo methods[38], and it might translate into less computation
time.
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Finally, exploration of the transient RT equation in chapter 7 showed that the
full solution including the multiple scattering term can predict the rate of decay of
the scattered intensity when an acoustic wave interacts with a finite layer. It was
shown that unlike analytical solutions based on single scattering, the transient
RT solution meets the conservation of energy. As suggested by Turner et al[15],
a potential application of the transient solution is for the extraction of structure
information of the sediment such as anisotropy and extinction coefficient, by
analysis of time-dependent features in the scattered intensity.
8.2 Future work
The following areas can be considered for further research related to this work:
1. Implementation of the Dense Media Radiative Transfer for acoustics.
2. Extension of the model to include rough interfaces.
3. Radiative Transfer in media with gradients.
8.2.1 Implementation of the Dense Media Radiative Transfer for acous-
tics
The experimental demonstrations of the RT model in this work were per-
formed with random media in which multiple scattering effects are weak, due
to small fractional volume or to the strong effect of background attenuation.
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Nevertheless, there are cases in which the scatterers are densely packed and
the effect of nearby scatterers becomes strong, so the assumption of indepen-
dent scatterers is not valid. As an example, it has been shown [4] that at high
frequency(f ≈ 100 kHz) water-saturated sediment can no longer be considered
as homogeneous, and volume scattering can be measured from the grains of sand
in water background, as observed in section 5.4. In order to include these strong
multiple scattering effects, the Dense Media Radiative Transfer (DMRT) formu-
lation has been developed in electromagnetics[48, 49].
The DMRT equation has the same form as (3.10), but the scattering cross
sections and scattering functions are modified to include the correlation between
scatterers. This formulation has not been adapted to acoustics yet, but it would
be useful not only in seabed scattering but also in characterization of materials
by ultrasound.
8.2.2 Extension of the model to include rough interfaces
The presence of rough interfaces between parallel layers has implications for
the way that the coherent energy penetrates in the layer before interacting with
the scatterers, as illustrated in Fig. 2.1 (b). If the surface is too rough, the energy
enters the sediment at multiple angles defined by a main lobe. If the surface is
smooth it results in a narrow main lobe, closer to the case of an ideal flat surface.
The smooth case was observed in the experiment of aluminum spheres with
137
sand background, where the water-sediment interface was not completely flat.
Since the RT model implemented in this work considers only flat interfaces, av-
erage over realizations was used to obtain the expected value of the reflection
coefficient in section 5.4. Nevertheless, when the roughness is significant it must
be included in the RT formulation by modifying the elastic boundary conditions
(3.13). There are two general approaches to model rough interfaces [21]: the
perturbation approach, which applies when the features of the rough surface are
much smaller than the wavelength (h≪ λ in Fig. 2.1 (b)), and the Kirchhoff ap-
proximation illustrated in Fig. 8.1 in which the only restriction is for the radius of
curvature of the rough features to be greater than λ. In this case, the plane wave
reflection coefficients between layers 0 and 1 still apply, but they are modified so
the angle of the reflected and the transmitted wave are measured with respect to
a local tangent plane.
source
c0,ρ0
c1,ρ1
θ0
αα
yˆ xˆ
zˆ
Local Ta
ngent
h
nˆ
Figure 8.1: Illustration of the Kirchhoff approximation for rough surfaces: with
this approach, the plane wave reflection coefficients become a function of the
position (x,y) along the rough surface, and the angles of reflection and refraction
are defined with respect to the vector nˆ, normal to the local tangent.
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The Kirchhoff approximation has been applied to Radiative Transfer applica-
tions in electromagnetics[54], and it can be included in the proposed scattering
model.
8.2.3 Radiative Transfer in media with gradients
In high frequency seabed acoustics, there are numerous examples in which the
main mechanism of volume scattering is the presence of gradients in the sound
speed of the sediment (Fig. 2.1(c)). To illustrate the typical magnitude of such
gradients, Fig. 8.2 shows the depth-dependent sound speed measured in a core
sample of sediment from the New Jersey shelf area.
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Figure 8.2: Depth-dependent sound speed in a core sample of sediment from
the New Jersey shelf area. The red line shows the general trend of the upward
refracting sound speed profile. Data provided by Dr. Altan Turgut, NRL.
Comparison of the RT model to data from this regions can be accomplished
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by adapting the transport equation to include a depth dependent index of refrac-
tion [50, 55, 56]. The most simple implementation is known as the adding method,
which consists of discretizing the continuous gradient into a stack of thin layers,
each one with (almost) constant properties. Then, the transient RT equation is
applied to each sub-layer, considering the time delay in the propagation of energy
from one segment to the next. A similar approach using reflection/transmission
coefficients of plane waves was used to produce synthetic data with similar char-
acteristics as the chirp survey shown in Fig. 1.2(a) [57].
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Appendix A
Definition of Stoke’s parameters
The definition of the Stoke’s parameters used in this work follows that one
from Turner et al [13]. Given a wave propagating through random elastic media
along the z axis, the energy is partitioned into longitudinal (uL), shear vertical(uy)
and shear horizontal(ux) waves. The particle displacement (i.e. the function that
describes the oscillation of the particles in the media as the wave propagates) can
be written as:
sL = aLe
−kLz−iǫLeiωt;
sx = axe
−kT z−iǫxeiωt;
sy = aye
−kT z−iǫyeiωt;
(A.1)
where aL,ax and ay are the amplitudes of the longitudinal, shear horizontal and
shear vertical waves, respectively, ǫL, ǫx and ǫy are the corresponding phases and
kL = ω/cL and kT = ω/cT are the longitudinal and transversal wavenumbers.
Note that the phase and the amplitude terms are random quantities.
The Stoke’s parameters for acoustics are defined[13] as
IL =
〈
ρω3
2kL
a2L
〉
;
Ix =
〈
ρω3
2kT
a2x
〉
;
Iy =
〈
ρω3
2kT
a2y
〉
;
U =
〈
ρω3
kT
axay cos (ǫy − ǫx)
〉
;
V =
〈
ρω3
kT
axay sin (ǫy − ǫx)
〉
;
(A.2)
where the operator < . > indicates the expected value. From this definition,
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it is concluded that IL, Ix and Iy represent the power carried by each of the
polarizations. The parameters U and V represent the interference between the
two shear waves, and no energy is transported by those parameters. Therefore,
U and V will be ignored in any computation related to energy conservation of
the RT model.
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Appendix B
Publications and talks related to this research
Talks given by the author:
1. “Ocean bottom scattering: characterization with chirp sonar”, presented at
the 152nd meeting of the Acoustical Society of America, Honolulu, Hawaii.
Nov., 2006.
2. “Application of Radiative Transfer Theory to Acoustic Propagation in the
Ocean Bottom”, presented at the IEEE Oceans Conference, Vancouver,
Canada. Sept., 2007.
3. “Analysis of acoustic backscattering from the ocean bottom using radiative
transfer theory”, presented at the 155th meeting of the Acoustical Society
of America, Paris, France. June, 2008.
4. “Scattering from an ocean bottom layer using steady-state and transient
radiative transfer”, presented at the 156th meeting of the Acoustical Society
of America, Miami, Florida. Nov., 2008.
5. “Tank experiments for validation of volume scattering models”, presented
at the 157th meeting of the Acoustical Society of America, Baltimore, MD,
April, 2010. This work was awarded the second price to the best
student talk in underwater acoustics.
6. “Scattering from large inclusions using radiative transfer method” (In-
vited Talk), presented at European Conference on Underwater Acoustics
(ECUA), Istambul, Turkey. July, 2010.
7. “Modeling acoustics scattering from the seabed using transport theory”,
presented at the IEEE Oceans Conference, Seattle, Washington. Sept.,
2010.
Publications:
Two conference papers[27, 29] and a journal paper[41] contain part of the
work related to the proposed RT scattering model.
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